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Abstract

A holomorphic curve in moduli spaces is the image of a non-constant holomorphic map
from a hyperbolic surface B of type (g,n) to the moduli space M}, of closed Riemann surfaces
of genus h. We show that, when all peripheral monodromies are of infinite order, the holo-
morphic map is a quasi-isometric immersion with parameters depending only on g, n, h and
the systole of B. When peripheral monodromies also satisfy an additional condition, we find a
lift quasi-isometrically embedding a fundamental polygon of the hyperbolic surface B into the
Teichmiiller space. We further improve the Parshin-Arakelov finiteness theorem, by proving
that there are only finitely many monodromy homomorphisms induced by holomorphic curves
of type (g,n) in M}, where systole is bounded away from 0, up to equivalence.
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1 Introduction

Let T, be the Teichmiiller space parameterizing complex structures on a closed oriented smooth
surface Xp, of genus h > 2, up to isotopy. This space has a complex structure which is induced by
an embedding 7;, — C3"~3, due to Bers and Maskit (see [Ber70] and [Mas70|). The Teichmiiller
distance on 7, will be denoted by dr in the sequel (see Subsection for the definition).

The mapping class group Mod;, consists of all orientation-preserving diffeomorphisms of 3j up
to isotopy. This group acts properly discontinuously on 7; and the quotient space is the moduli
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space My. Each mapping class in Mody, is a holomorphic automorphism of 7;, and an isometry
for the Teichmiiller distance. _

A holomorphic disc in Ty, is the image of a holomorphic map F : H? — 7j, from the upper half
plane H? C C to the Teichmiiller space. The hyperbolic plane is endowed with the usual complex
structure making it biholomorphic to the open unit disc. Passing to the quotient we obtain a map
F : H2 — M), to the moduli space. Let I' < Stab(F) := {¢ € Aut(H?2) | Fo¢ = F} be a lattice and
set B := I'\H2. Suppose that B is an oriented surface of genus g with n cusps (without boundary).
The image of the quotient map F : B — My, is then a holomorphic curve of type (g,n) in M.

We use dp to denote the hyperbolic distance on B. The systole of B, denoted by sys(B), is
the length of the shortest essential (i.e. non-contractible and non-peripheral) closed curve. A cusp
region of B, usually denoted by U, is the neighbourhood of a cusp bounded by a horocycle of
length 2.

As in [IS88 p.212] and [Moi77, p.176], a holomorphic map F : B — My} induces a group
homomorphism F, : m(B,t) — Mod; which is called a monodromy homomorphism of F (see
Subsection for the definition). The image F.([7]) along a based loop v C B that goes once or
several times around a cusp, clockwise or counterclockwise, is called a peripheral monodromy of
the cusp.

As B and T}, are complex manifolds, they are endowed with intrinsic Kobayashi pseudo-norms,
which need not be positive definite, as follows.

Definition 1.1. Let X be a complex manifold. The Kobayashi pseudo-norm Kobx : TX — R>g
on X is defined by Kobx (x,v) = infs{1/c} for x € X and v € T, X, where the infimum is taken over
all holomorphic maps ¢ from the unit disc in C to X satisfying ¢(0) = z and (d¢)o(9/0z) = ¢ - v.

A smooth manifold X with a pseudo-norm T'X > (z,v) — K(z,v) is also endowed with a
pseudo-distance dx i : X x X — R given by the formula

1
dxxlaraz) = inf [ K050

where the infimum is taken over all piecewise smooth paths joining z1 to x2. The pseudo-distance
dx kob induced by Kobx is called the Kobayashi distance on X. If Kobx is a norm, i.e. it vanishes
only at 0 € TX, then X is said to be Kobayashi hyperbolic.

Both H? and 7;, are Kobayashi hyperbolic. The Kobayashi (pseudo-)norm on H? coincides
with the norm of the Poincaré Riemannian metric or half the hyperbolic metric. The Kobayashi
distance on H? coincides with half the hyperbolic distance, i.e.

1 ]dz(v)|
2 Im(z)

_1 1”1 — %2 1
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Kobyz(z,v) =

for 2,21, 22 € H? and v € T,H? (see [Aba89, Proposition 2.3.4]). On the other hand, the Kobayashi
(pseudo-)norm Kobs on 7j is a Finsler metric and the Kobayashi distance on 7} coincides with
the Teichmiiller distance (see [Roy71, Theorem 3|), i.e. d7 kob = dr-

Definition 1.2. Let F' : B — My, be a holomorphic map whose lift is F:H? > T,

- The distance dz on H? is induced by the pullback pseudo-norm F* Kob7.
- The distance dr on B is defined by

dp(b1,bs) = inf{dz(b1,b2) | by € H? is a lift of by, by € H? is a lift of by}.
- The Teichmiiller distance daq on My, is defined by

dam(qr,q2) = inf{dr(q1,q) | 1 € Tr is a lift of g1, g2 € T, is a lift of g2 }.
To discuss the rigidity of F' : B — M, and F:H? - Tr, we recall the basic definition of a
quasi-isometric embedding and define an extra notion of rigidity for F' : B — My,.

Definition 1.3. Let (X;,d;) and (X2,d2) be metric spaces. Given A > 1 and ¢ > 0, a map
f: X1 — X is called a (A, €)-quasi-isometric embedding if

di(z,y)/A — e < da(f(2), f(y)) < Adu(z,y) + e

for all x,y € X;. In particular, when f is a (1,0)-quasi-isometric embedding, we say that f is an
isometric embedding.



Definition 1.4. Given A > 1 and € > 0, a holomorphic map F' : B — My, is called a (A, €)-quasi-
isometric immersion if

(1/2)dB(b1,b2)//\ — € S dF(bhbg) S ()\/Q)dB(bl,b2) +€

for all by,by € B. In this case, we say that F(B) is quasi-isometrically immersed. In particular,
when F is a (1,0)-quasi-isometric immersion, we say that F' is an isometric immersion and F(B)
is isometrically immersed.

Just as a quasi-isometric embedding needs not be an embedding, a quasi-isometric immersion
needs not be an immersion in the usual sense. However, an isometric immersion is indeed an
immersion.

A holomorphic map f: X; — X5 between complex manifolds is distance-decreasing for the in-
trinsic Kobayashi distances, namely dx, kob(Z,¥) > dx, kob(f(2), f(y)) (see, e.g., [Aba89, Propo-
sition 2.3.1]). In particular, the holomorphic map F : B — M), and its lift F:H? T, satisfy
the following inequalities:

%dB (b1,82) = di(B1,82) = dad(F(0n), F(B)),

s (01,52) > dz (b, 32) > dr (F0), F(B)).

Consequently, each peripheral monodromy must be either reducible or of finite order (see Corollary
. In particular, if a peripheral monodromy ¢ is of infinite order, then a power ¢* is a multi-twist.
An isometrically immersed curve F(B) C M, is known as a Teichmiiller curve. The first
non-trivial cases were discovered by Veech (|Vee89|) and all Teichmiiller curves in My and M3 are
almost well-understood ([McMO05; McMO06| and |[LN14; McM23| Theorem 5.5]). In M, with h > 5,
Teichmiiller curves are elusive and the only known primitive case was given in [BM10].

Quasi-isometric rigidity for holomorphic curves. Every isometric immersion from B to My,
is either holomorphic or anti-holomorphic (see |[Ant17]). However, a holomorphic map needs not
be an isometric immersion. The following theorem shows that a weaker statement still holds.

Theorem A. Given (g,n), h and € with 29 —2+n >0, h > 2 and € > 0, there exists a constant
K = K(g,n,h,¢€) that depends only on g, n, h, € and satisfies the following statement. Let B be
an oriented hyperbolic surface of type (g,n) with sys(B) > € and cusp regions Uy,...,U, C B.
Let F : B — My, be a non-constant holomorphic map with a monodromy homomorphism F, €
Hom(m (B, t), Mody).

(i) For each i = 1,...,n, if a peripheral monodromy of the i-th cusp is of infinite order, then
Fly (Ui, (1/2)dp) — (Mp,dam) is a (1, K)-quasi-isometric embedding.

(i) If all peripheral monodromies are of infinite order, then F is a (1, K)-quasi-isometric im-
mersion.

Given a monodromy homomorphism Fj, if a peripheral monodromy of a fixed cusp is of infinite
order, then all peripheral monodromies of this cusp are of infinite order. Therefore, the hypothesis
in Theorem [A|- (ii) can be checked for only one peripheral monodromy of each cusp.

This result is optimal. On the one hand, there exists a holomorphic curve in M), that is quasi-
isometrically but not isometrically immersed, see Example 5.2 On the other hand, if peripheral
monodromies of the i-th cusp are of finite order, then F|;; : (Ui, (1/2)dp) — (M, dr) needs not
be a quasi-isometric embedding. Example shows such a possibility when F(U;) is located in
the thick part of Mjy,.

Quasi-isometric rigidity for fundamental domains. If the holomorphic map F': B — My, is
an isometric immersion, then the lift F' : H? — 7y, is a complex geodesic for the intrinsic Kobayashi
norms. Teichmiiller’s uniqueness theorem (see, e.g., [FM11, Theorems 11.8 and 11.9]) shows that
any two points of the Teichmiiller space 7 are joined by a unique real geodesic. Therefore, the
lift F': (H2, (1/2)dy2) — (Th,dr) is an isometric embedding.
_ If the holomorphic map F' : B — M} is a quasi-isometric immersion, in general, the lift
F: (H2,(1/2)dy2) — (Tn,d7) fails to be a quasi-isometric embedding.

We now aim to obtain a hyperbolic polygon D C H?, i.e. a fundamental domain of B bounded
by geodesic segments, such that F ot (D, (1/2)dy2) — (Th,d7) is a quasi-isometric embedding.

Given a holomorphic map F' : B — M}, and a monodromy homomorphism F, : 71 (B, t) — Mody,
we start with a suitable condition on the monodromy.



Figure 1: A cartoon of a holomorphic curve in
Mj,. Each cusp neighbourhood of the holomor-
phic curve almost keeps the hyperbolic struc-
ture along the Teichmiiller metric, unless the
peripheral monodromy is of finite order.

Figure 2: Different geodesic segments joining
the boundaries of two given cusp regions U; and
U;, each providing a pair of peripheral mon-
odromies (¢;, ¢;).

Definition 1.5 (disjointed mapping classes). Let ¢ and ¢2 € Mody, be reducible mapping classes.

Suppose that there exist positive integers ui, po and multi-curves a1 = {@11,...,01,m, }, 02 =
{ag1,...,a2,m,} such that ¢}, ¢5? are multi-twists along a1, az,
H1 __ Ty T1,mq Ho _ oy T2,my
P 7Tm)1 o 0Tom, N 7710[2)1 0 0Tqymt

with r; ; € Z\ {0}, for i =1,2 and j =1,...,m;. We say that ¢; and ¢, are disjointed if pairs of
curves in ar; and ag are disjoint or coincide.

Definition 1.6 (disjointed peripheral monodromies). Let U;, U; be cusp regions of the hyperbolic
surface B, 1 # j, endowed with a geodesic segment « joining OU; to OU;. Set {tx} = OU; N k. and
take an arbitrary path « joining ¢ to ¢y (see Figure . The loop along vU QU; based at ¢ that goes
once around U; clockwise is denoted by ~; and its monodromy is denoted by ¢;. The loop along
Uk UOU; based at ¢ that goes once around U; clockwise is denoted by 7, and its monodromy is
denoted by ¢;. We say that peripheral monodromies of U; and U; are disjointed along  if ¢; and
¢; are reducible and disjointed.

A pair of disjointed mapping classes after a simultaneous conjugacy is again disjointed. There-
fore, a pair of peripheral monodromies being disjointed along x is independent of the choice of the
path . However, a different choice of x changes the peripheral monodromies by a non-simultaneous
conjugacy.

Theorem B. Given (g,n), h and € with 29 —2+mn >0, h > 2 and € > 0, there exists a constant
K = K(g,n, h, ) that depends only on g,n, h, € and satisfies the following statement. Let B = I'\H?>
be an oriented hyperbolic surface of type (g,n) with sys(B) > e and cusp regions Uy, ..., U, C B.
Let D C H? be a fundamental convex polygon of B with exactly n ideal points. Let F : B — M, be
a non-constant holomorphic map with a monodromy homomorphism F, € Hom(m (B,t), Mody).

If
- peripheral monodromies of all cusps are of infinite order,

- foreachi#j,i=1,...,nand j=1,...,n, there exists a geodesic segment r; ; C B joining
oU; to OU; with a lift k;; C D such that peripheral monodromies of U; and U; are not
disjointed along kK j,

then F 5 (D, (1/2)dy2) — (T, dT) is a (2, K + diam(D))-quasi-isometric embedding.



When (g,n) = (0,n), one can describe the monodromy homomorphism Fj : 71 (B,t) — Mod,
as an n-tuple in Mody, as follows. Choose homotopy classes of loops 71, ...,7, C B based at t such
that ~; goes around the i-th cusp exactly once clockwise and 7y, - - -1 is homotopically trivial, for
i=1,...,n. The n-tuple (¢1,...,¢,) = (Fu(y11), ..., Fu(vn)) is called a global monodromy of F.
Note that ¢1--- ¢, = 1.

On the one hand, there exists a fundamental polygon D C H? of B and segments r; ; C B
together with lifts k; ; C D that satisfy the following equivalence: the peripheral monodromies of
U; and U; are disjointed along ; ; if and only if ¢; and ¢; are disjointed. On the other hand, a
different choice of v1,...,7y, changes (¢1,...,¢n) by a sequence of Hurwitz moves:

L; R

(coosdiodigrod; i) H (o i bigas ) = (s bigr, B 0 i 0 Pigs )

Thereby, the existence of a fundamental polygon D as in Theorem such that ﬁ‘ is a

quasi-isometric embedding is equivalent to the existence of a tuple being Hurwitz equivalgnt to
(¢1,.-.,¢n) whose components are of infinite order and pairwise non-disjointed.

The second hypothesis of Theorem [B| sometimes is a mild condition. In particular, a holomor-
phic curve of type (0,n),n > 3 in My with each peripheral monodromy the Dehn twist along a
non-separating closed curve (i.e. the image of the classifying map of a genus-2 Lefschetz fibra-
tion without reducible fibres) must have a quasi-isometrically embedded fundamental polygon (see
Subsection [5.3)).

Finiteness result for holomorphic curves. Let C be a 2-dimensional complex manifold and
B be a Riemann surface of type (g,n). Consider a holomorphic projection 7 : C' — B such that
the generic fibres are compact Riemann surfaces of genus h and the branch locus is a finite subset
S C B. Such a holomorphic map is called a genus-h holomorphic fibration over B, denoted by
C/B. Set C, = m=1(b) for b € B. When S = (), the holomorphic fibration is further called a
genus-h holomorphic family.

Therefore, given a holomorphic fibration C/B, then (C \ 77(5))/(B\ S) is a holomorphic
family over a Riemann surface of type (g,n + |S]).

A holomorphic family C/B is isotrivial if the fibres are all biholomorphic, i.e. Cp, = Cp, for
b1,by € B. Two holomorphic families C/B and C'/B over B are isomorphic if there exists a
biholomorphic map between C' and C’ that preserves fibrations.

A holomorphic family C'/ B always determines the unique holomorphic map F : B — My, which
is called the classifying map and denoted by CM(C/B) = F. Then a monodromy homomorphism
of C'/B in the usual sense is a monodromy homomorphism of its classifying map.

Conversely, there exists a universal holomorphic family over T such that the fibre at ¢ € M,
is biholomorphic to the Riemann surface parameterized by ¢ (see |[EF85, Theorem 1] and [Nag88|
p-349]). The pullback of the universal family by the lift F:H> > T, of a holomorphic map
F : B — M), induces a holomorphic family C/B. A holomorphic map could be the classifying
map of at most

# Hom(my (B, t), Aut(Cy)) < (2g + n)¥* =D

many non-isotrivial non-isomorphic holomorphic families.

The geometric Shafarevich conjecture, now known as the Parshin-Arakelov finiteness (see
|Par68; |Ara72} [IS88|), claims that there are only finitely many non-isotrivial non-isomorphic holo-
morphic families of Riemann surfaces of genus h over a given base space B (assuming h > 2 and
B hyperbolic).

The finiteness of holomorphic families corresponds to the finiteness of monodromy homomor-
phisms up to conjugacy. On the one hand, a class of homomorphisms in

My, (B, t) = Hom(m (B, t), Mody)/ Mody

determines the topology of C'/B. On the other hand, non-isotrivial holomorphic families over
B having the same class of monodromy homomorphism in Mj,(B,t) are isomorphic (see Rigidity
Theorem in |IS8§]).

Our next goal is to analyse holomorphic families over homeomorphic but non-biholomorphic
Riemann surfaces and compare their monodromy homomorphisms.

Take an oriented smooth surface ¥, ,, of type (¢g,n) and fix s € X, ,. Given a holomorphic
map F : B — Mj, and a monodromy homomorphism F, € Hom(m (B,t), Mody), there exists an
orientation preserving diffeomorphism fg : 3,, — B such that fg(s) =t. Therefore, fp pulls F,



back to (fg)*(Fv) = Fyo(fB)+ € Hom(m (24,5, 5), Mody). A different choice of fg, however, does
not change the corresponding class in

My n.n = Modg ,, \ Hom(m1 (24,1, 5), Mody)/ Mody, . (1)

Thus to a holomorphic map F' : B — M, one associates the class MO(F) == [F.o(fB)«] € My n.n-

Two holomorphic fibrations, even if non-holomorphic, correspond to the same class in Mg ,, 5, if
and only if they are isomorphic after removing singular fibres. The set M, ,, 5, is infinite. Moreover,
at least for certain g, n and h > 3, there exist infinitely many symplectic Lefschetz fibrations with
pairwise non-homeomorphic total spaces (see [FS04|). Therefore, the subset of classes realised by
symplectic Lefschetz fibrations is also infinite. However in [Cap02] Caporaso proved that there is a
uniform, i.e. independent of B, bound for the number of classes in M, ,, », that can be realised by a
genus-h holomorphic fibration over a Riemann surface B of type (g,0) having n branch points, see
also |Hei04; |Del16|. The following theorem is an algebraic improvement of the Parshin-Arakelov
finiteness, which improves Corollary 2 in [Shi97].

Theorem C. Given (g,n), h and € with 29 —2+n >0, h > 2 and € > 0, then the subset

{MO (CM(C/B)) C Mynn

B is a Riemann surface of type (g,n) with sys(B) > € }

C/B is a non-isotrivial genus-h holomorphic family over B

1s finite.
The following finiteness result is an immediate consequence of the above theorem.

Corollary 1.7 (Theorem 6.5 in [Shil4]). Given (g,n) and h with 29 —2+n > 0 and h > 2, there
are only finitely many Teichmiiller curves of type (g,m) in My,.

Two holomorphic curves F} : By — My, and Fy : By — M, are called homotopic if By, B
are of the same type (g,n) and there exist orientation preserving diffeomorphisms f; : 3,,, — Bi,
f2 1 ¥4 n — Ba such that Fy o fi, F; o fy are homotopic. Theorem Q implies that there are only
finitely many holomorphic curves of type (g,n) in M, up to homotopy when hyperbolic systoles
are bounded away from 0.

Outline. Subsections[2.1]and 2:2)introduces the main notions needed for studying the Teichmiiller
space and monodromies of a holomorphic map F : B — M,. Subsection [2.3] presents some
condition on the monodromy, which partially describes a Teichmiiller curve and is used to prove
Corollary [I.7] Subsection [2.4] revisits Mumford’s compactness of thick moduli spaces and provides
some tools that we will need later.

In Section[3] using the irreducibility of holomorphic fibrations, we provide the auxiliary Theorem
which claims that each non-constant holomorphic curve has a non-empty intersection with a
certain thick part of the moduli space. The proof of Theorem [C] also appears in this section.

For our rigidity results, we first investigate a holomorphic hyperbolic cusp region in My in
Subsection [I.I] We emphasise that a mapping class of infinite order changes a marked hyperbolic
surface slightly in (7, d7) only if the mapping class is a multi-twist along small closed geodesics
on the hyperbolic surface. This fact implies that a holomorphic hyperbolic cusp region in My
is affected by a “force” from the cusp, which partially shows the quasi-isometric embedding in
Theorem [A|- (i). Theoremm pulls the holomorphic curve as well as each holomorphic hyperbolic
cusp region using another “force” from the thick part of the moduli space, hence we prove Theorem
[Alin Subsection[d.2] The proof of Theorem [B]appears in Subsection Finally, Section [5] provides
some examples and an application on genus-2 Lefschetz fibrations.
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2 Preliminary

We fix non-negative integers g,n and h with 29 —2 4+ n > 0 and h > 2 once and for all.



2.1 Teichmiiller space. Let ¥, , be an oriented smooth surface of genus g with n punctures
without boundary. The geometric intersection number of two closed curves v, and -3, denoted by
t(71,72), is the minimum cardinality of v; Ny for all closed curves vy, vo such that 4; is homotopic
to v;, for i =1,2.

We say that a set of closed curves {y1,...,7v} fills up the surface X, , if, for any non-
contractible non-peripherial closed curve v, ¢(v,7;) > 1 for some i. A set of disjoint simple closed
curves on Y ,, is called a multi-curve. By convention, we define the product ~y; -2 of two oriented
paths as their concatenation and the inverse y~! of an oriented path is the same path with the
opposite orientation.

The Teichmiiller space 7, ,, consists of all marked Riemann surfaces of type (g,n), i.e. equivalent
pairs (X, fx) where X is a Riemann surface and fx : £,, — X is an orientation preserving
diffeomorphism. Two pairs (X, fx), (Y, fy) are equivalent if fy o f;l : X — Y is isotopic to
a biholomorphism. Based on the uniformization of Riemann surfaces, each equivalent class is
represented by a marked hyperbolic surface. Then a mapping class [¢] € Modg ,, acts on T, by
(6] - [(X, fx)] = [(X, fx o $71)]. The mapping class group acts properly discontinuously on the
Teichmiiller space and the quotient space is called the moduli space, denoted by M, ,,.

For any two points [(X, fx)], [(Y, fv)] € Tg,n, we define the Teichmiiller distance dy by

AR (X, Sl Y, ) = 5 log nf (K (9)} @

Here, the infimum is taken over all quasiconformal diffeomorphisms ¢ : X — Y homotopic to
fy o f);l, i.e. all quasiconformal diffeomorphisms respecting the markings. Moreover, K(¢) > 1
denotes dilatation of ¢.

The geodesic length function L. ([(X, fx)]) assigns to each closed curve v C £, ,, the length of
the unique geodesic homotopic to fx () on the hyperbolic representative X of [(X, fx)] € Ty n.
The length of a closed curve 7 on a hyperbolic surface X is denoted by Ix (7). The next lemma is
due to Wolpert.

Lemma 2.1 (|[Wol79|). Consider two points in Ty, that are represented by the marked hyperbolic
surfaces (X, fx) and (Y, fy). Set K = exp (2d7([(X, )1, (Y, fy)])) Then, the geodesic length
function is distorted by a factor of at most K, i.e.

Ly (5 P < Ly (0 f)]) < KLy (X, 1))

for any closed curve v C ¥4 .

Recall the classification of mapping classes due to Bers ([Ber78|). Let ¢ € Mod; be a mapping
class. The translation distance of ¢ is defined by

o) =t (X £l o (6 ),
Then 7(¢) = 0 and the infimum is attained if and only if ¢ is periodic. Also () is positive and
the infimum is attained if and only if ¢ is pseudo-Anosov. Eventually, 7(p) is not attained if and
only if ¢ is reducible and of infinite order. Furthermore, if 7(¢) = 0 and 7(¢) is not attained,
then then there exists 1 € Z>; bounded above by a constant determined by h such that ¢ is a
multi-twist.

2.2 Monodromy homomorphisms. Suppose that B = I'\H? is a hyperbolic surface of type
(g,n) with some lattice I' < Aut(H?). Consider a holomorphic map F : B — M, and the lift
F:H2 > T We introduce the induced monodromy homomorphisms.

_ Firstly, the map F : H? — 7, induces a group homomorphism Fr : I' — Mod; such that
Fo¢ = Fr(¢)oF, for every ¢ € I'. When F(t) has non-identical automorphisms (i.e. F(t) is
symmetric) for some ¢ € B, the homomorphism FT is not necessarily unique. There are at most
(2g + n)®*("=1) many possibilities of such a homomorphism Fr.

Secondly, fixing a base point ¢ € B and lifting it to some ¢ € H2, we obtain a standard group
isomorphism Pii: m1(B,t) — T as follows. A loop v C B based at ¢ is lifted to the path in H2
joining t and p, 7([7]) - t.

Eventually, F, := Ff o p; 7 € Hom(m (B, t), Mody,) is called a monodromy homomorphism of F.
A different choice of ¢ may change the monodromy homomorphism by a conjugacy.

The monodromy homomorphism enables us to reformulate and slightly improve the most impor-
tant property of the holomorphic map F', say being distance-decreasing for the intrinsic Kobayashi
distances, as follows.



Proposition 2.2. Let v C B be a loop based att. Then (1/2)lp(y) > d7—<F~'(t~),F*([ﬂ) F(f))

Proof. By definition, we get

$5(1) = i (L D)@ = dr (F@, F o p (i) ()

= a7 (F@), (Fr o po (b)) o F®) = dr (F@). F(b) - FD).-
O

Proposition 2.3. Let v C B be a loop based at t and v C B be a free loop homotopic to v. Then
(1/2)ls(v") = 7(F([]))-

Proof. Let H : [0,1] x [0,1] — B be the homotopy between ~ and +" such that H(0,-) = ~(-),
H(0,0) = H(0,1) =t and H(1,-) =~/(:). Based on the path H(-,0) joining ¢ to ¢’ :== H(1,0), we
obtain a lift of ¢/, denoted by #/. Consider the new monodromy homomorphism F, = Fr o Py i
m1(B,t') — Mody,. Since F.([y']) = Fi([y]) = ¢, by Proposition we have

Sn() = dr (F@), FL() - F@)) = 7(6).

Corollary 2.4. Fach peripheral monodromy ¢ satisfies 7(¢) = 0.
Proof. The corollary follows from Proposition [2.3] O

2.3 Essentially purely pseudo-Anosov monodromy. We introduce the following hypothesis
on the monodromy homomorphism (see also [Rei06]).

Definition 2.5. Let B be an oriented hyperbolic surface of type (¢,n) and F : B — My, be
a holomorphic map. We say that a monodromy homomorphism F, : m1(B,t) — Mod; of F is
essentially purely pseudo-Anosov if for each non-trivial non-peripheral class [y] € m1(B,t) the
image F.([7]) is pseudo-Anosov.

Isometrically immersed holomorphic curves are specific examples whose monodromy homo-
morphisms are essentially purely pseudo-Anosov. In fact, as mentioned in [EM11], every closed
geodesic in My, is the unique loop of minimal length in its homotopy class. We include a proof for
the sake of completeness.

Theorem 2.6. Each monodromy homomorphism of a Teichmiiller curve is essentially purely
pseudo-Anosov.

Proof. Let F : B — My} be a holomorphic isometric immersion and F:H? — 7, be a lift of F
which is an isometric embedding. Fixing ¢ € B and lifting it to ¢ € H?, we take a monodromy
homomorphism F. = Ft o p, 7 € Hom(m (B, t), Modp,).

Let v C B be a non-trivial non-peripheral loop based at t. Suppose that 7/ C B is a closed
geodesic homotopic to 7. Consider the homotopy H : [0,1] x [0,1] — B such that H(0,-) = ~(-),
H(0,0) = H(0,1) =t and H(1,-) = +/(-). Based on the path H(-,0) joining ¢ to some t’ € I, we
obtain a monodromy homomorphism F; = F o p;, 7 € Hom(mi(B,t'), Mody,) such that F.([+]) =
F.([7']) = ¢. By Proposition we get

S0 =y (.9, s (DY) = dr (F@), 6 - D)),

for any integer N > 1.
We claim that 7(¢) = dT(ﬁ(P),qS . ﬁ(?)) = 1lp(7’). Indeed, assume that there exists g €

Tr such that dy (q~,¢ . E]V) < dT(}?(P),(b . ﬁ(?)) Suppose that N is large enough such that
N(CZT(ﬁ(P)7 o - 13(5)) — dﬂr(qN7 o - ?j)) > 2d7—<ﬁ(17), qN) Therefore, we get

N o~ ~ - ~ _ R ~ o~
S0 = dr (F@),6" - F(¥)) < dr (F@),7) +dr (36" -q) +dr (e" - 3.0~ - F(D))
~ o~ SO ~ ~ ~ ~ N
< 247 (F(F).q) + Nar (3,6 7) < Nar (F@).¢- F(T)) = Fls();
a contradiction. Hence, the translation distance of the monodromy along any non-trivial non-
peripheral loop is positive. O



The following proposition shows that being essentially purely pseudo-Anosov is a sufficiently
strong hypothesis on the monodromy homomorphism of a holomorphic map.

Proposition 2.7. Let B = I'\H? be an oriented hyperbolic surface of type (g,n). Let F : B —
My, be a holomorphic map with an essentially purely pseudo-Anosov monodromy homomorphism
F, € Hom(m1(B,t), Mody). Then

(i) F is non-constant;
(i) the monodromy homomorphism is injective;
(i) each peripheral monodromy is of infinite order;

(iv) peripheral monodromies of any two cusps are not disjoint along any geodesic segment kK
between the boundaries of their cusp regions;

(v) sys(B) > 2log2/(12h — 12).

Proof. For (i), we notice that there exists at least one non-trivial non-peripheral element in m (B, t).
For (ii), it suffices to show that each peripheral element cannot be represented by the identity. Take
the group presentation

m(B,t) = (a1,b1,...,ag,bg,¢1,...,Cp | H[ai,bi] ch =1).
i J

with loops a1, ...,ag, b1,...,bg,c1,...,cn at t. Consider a positive power of a peripheral generating
loop, say ¢} with j =1,...,n. When g > 1 and n > 1, then [c},a1] # 1 is non-peripheral. When
n > 2, take j' # j and then [c}, c;/] # 1 is non-peripheral. In both cases, we get Fi(c}) # 1. For
(iii), a peripheral monodromy ¢ must be of infinite order due to the injectivity of the monodromy
homomorphism.

For (iv), let Uy, Uz be two distinct cusp regions of B linked by a geodesic segment . Set
to = OU; Nk and take an arbitrary path ~ joining ¢ to ty3. The loop along v U dU; based at t that
goes once around U clockwise is denoted by v and its monodromy is denoted by ¢;. The loop
along yUkUOQU, based at t that goes once around U, clockwise is denoted by 72 and its monodromy
is denoted by ¢o. By Corollary some power ¢} is the multi-twist along a multi-curve a; and
some power ¢4? is the multi-twist along a multi-curve ap. Assume that a; U s is a set of disjoint
simple closed curves. We notice that vi*' - 42" is non-peripheral of which the monodromy is
reducible, which is a contradiction. The parameters 2 in 4** - 75#* cannot be replaced with 1.
Indeed, when (g,n) = (0,3) and p; = pe = 1, 71 - Y2 is peripheral but 77 - 43 not.

For (v), consider an essential closed geodesic v C B. Then there exists a loop v based at ¢
homotopic to v, which is non-trivial and non-peripheral. By Proposition we have (1/2)lg(y) >
7(Fy([7'])). Penner proved in [Pen91, p.444| the inequality 7(¢) > log2/(12h — 12), for any
pseudo-Anosov mapping class ¢ € Mod,, (see also [FM11, Theorem 14.10]). Thus, sys(B) >
2log2/(12h — 12). O

We can apply Theorem [A| - (ii) and Theorem [B| to a holomorphic map F : B — M, with
an essentially purely pseudo-Anosov monodromy homomorphism. Then F' is a quasi-isometric
immersion with parameters depending only on (g,n) and h. In addition, the lift F' : H?> — T
restricted to any fundamental convex polygon D with exactly n ideal points is a quasi-isometric
embedding.

Moreover, by Theorem [C] there are only finitely many essentially purely pseudo-Anosov mon-
odromy homomorphisms induced by Teichmiiller curves of type (g,n) in My, up to equivalence.
When n = 0, this finiteness is a consequence of Bowditch’s result [Bow09| which shows that there
are only finitely many conjugacy classes of purely pseudo-Anosov surface subgroups of Mody, of
genus g (see also [Bow17; [DF09]). In conclusion,

Conjecture 2.8. There are only finitely many conjugacy classes of essentially purely pseudo-
Anosov subgroups of Mody, isomorphic to the fundamental group of ¥g ., .

We end with the proof of Corollary as a consequence of the Rigidity Theorem in [IS88].
Proof of Corollary[1.7} This comes from Theorem [2.6] Proposition [2.7] and Theorem [C] O



2.4 Mumford’s compactness. Let ¢ > 0 be an arbitrary real number. For the Teichmiiller
metric, the moduli space M, ,, has an infinite diameter. In [Mum71|, however, Mumford introduced
that the e-thick part of the moduli space that consists of hyperbolic surfaces X with sys(X) > € is
compact.

Let ’T>E be the set of equivalent classes of marked hyperbolic surfaces whose systole is bounded
below by €. The action of Mod, ,, on 7; n preserves the systole and therefore we take the quotient
space of the thick part, denoted by M=¢ 7. We have Mumford’s compactness.

Theorem 2.9 (Mumford). The e-thick part MZ¢

on of the moduli space M, s a compact subset.

Form now on, we fix a base point [(Xo, fx,)] in 7Ty that is represented by a marked complete
hyperbolic surface (Xo, fx,). We fix a base point s € ¥, ,, and fix the oriented loops

Y1,1571,25 - - - 7’7g,1alyg,27’717 oo 37;7, C Zg.'rL
at s as in Figure[3]

Yi,1 72,1
(: 2 [22

Figure 3: The standard loops of 33 4 generate the fundamental group (X, ).

S~ AN NS 23’4

NS\ 4| 7 (Saas) = [l bl [T =1

Loops 7;; and 7, fori =1,...,9, 7 = 1,2 and k = 1,...,n, are called the standard loops of
Yg.n. They meet the following conditions.
t(vin,vi,2) = 1, for each ¢, but the intersection number of any other two distinct loops is 0;
ii. 'y;- goes round the j-th puncture exactly once clockwise, for each j;
iii. the fundamental group (X, s) is generated by classes of these loops with the relation

—-

n

g
H '711 '712 H
i=1

In contrast, a collection of loops 7;.1, ¥i2 ’?; C Ygn, fori=1,...,9, 5 =1,...,n, based at
some point § € ¥, ,, satisfying conditions i, ii, iil implies an orientation preserving diffeomorphism
¢ Xgn — Xgn such that ¢(s) = § and each ¢(75,1) (resp. ¢(vi2), ¢(7;)) is homotopic to ;1
(resp. iz, ';3) relative to s.

Set to = fx,(s) € Xo. The set {[fx,(7)] | 7 is a standard loop} forms a generating set of
m1(Xo, to) such that the length of each fx, () is determined by (g,n). In other words, there exists
a constant N(g,n) that depends only on (g,n) such that

lXo (fXO (7)) < N(g’n)

for each standard loop 7 of X, ,,. We further notice the following lemma.

Lemma 2.10. Suppose that (Y, fy) is a marked hyperbolic surface and ¥ : Xo — Y is a K-
quasiconformal diffeomorphism. Then there exists an orientation preserving diffeomorphism fi,
Ygn — Y such that, for each standard loop vy, the image fi(v) C Y is homotopic to a loop of
length bounded above by N'(g,n, K) relative to fi (s), where N'(g,n,K) depends only on g, n and
K.

Proof. We present 2g + n + [n = 0] free loops on X, where [n =0] =1ifn=0and [n =0]=0
if n # 0, denoted by do, - .., 0294 n—14[n—0], that form a set of closed curves filling up the surface
Ygn-

- When n =0, set
80 =Yg2r 01 =11 Vg2 Vg1 " Vo.2s
O2i = ia» G241 = Vi1l Vi Vit iz fori=1,...,9-1,
d2g = 1,1, M,2)-
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- When g =0, set
So=71"7,",
53‘:7/;:1'7/]‘_17 forj=1,...,n—1.
- When g > 1 and n > 1, set
0o = 1,1 '7/;1,
021 ="V 020 = Vit11 Yz Vit * Vii2s fori=1,...,9-1,
O2g=1 = Vph» 020 =T Vgd Yok Va2

-1 -1 )
529+j:7/j+1'7/j ) forj=1,...,n—1.

Let Ay be the union of geodesics homotopic to every o o fx,(d;). By Wolpert’s Lemma,

2g+n—1+[n=0] 2g+n—1+[n=0]
lY(AY) = Z L51([(Yv fY)]) < e Z L5i([(X()va0)]) < 4(2g+n)62K'N(gan)'
=0 =0

Let ty € Ay be an arbitrary point. Therefore, there exists loops 7; 1,7;,2 and ’?’\J at ty on Y, for
1=1,...,gand j =1,...,n, that satisfy conditions i, ii and iii, whose lengths are bounded above
by

4-4(29 4+ n)e* X N(g,n) = N'.

We conclude that there exists a diffeomorphism fi- sending s € ¥, to ty such that, for each
standard loop v, the homotopy class of f{ (v) relative to ty is represented by a loop of length
bounded above by N'. O

We aim at addressing the following question: given a hyperbolic surface X of type (g,n), does
there exist an orientation preserving diffeomorphism f% : ¥, , — X whose image of each standard
loop is homotopic to a loop of short length relative to fi(s)?

Consider a non-trivial mapping class [¢] represented by a diffeomorphism ¢ : X,,, — X, .
Then, the marked hyperbolic surfaces (X, fx) and (X, fx o ¢~ 1) are the same hyperbolic sur-
face with different markings. Therefore, they possess desired diffeomorphisms for this question

simultaneously. Using Mumford’s compactness of M;;, we get the following theorem.

Theorem 2.11. There exists a constant N” = N"(g,n, €) that depends only on (g,n), € and satis-
fies the following statement. Given an arbitrary hyperbolic surface Y of type (g,n) with sys(Y') > e,
there exists an orientation preserving diffeomorphism fy, @ X4, — Y such that the image f3 (7)
of each standard loop v C X4, is homotopic to a loop of length bounded above by N relative to
fy(s).

Proof. By Mumford’s compactness, the moduli space /\/lgz’fI is compact and therefore there exists a
lift U C Ty,n of MZ¢, containing [Xo, fx,] whose diameter for the Teichmiiller metric is bounded by
a constant D = D(g, n,€) > 0 that depends only on (g,n) and e. Suppose that fy is an arbitrary
marking of ¥ so that [(Y, fy)] € T5¢. Then, there exists an orientation preserving diffeomorphism
¢ X0 — Byn with [(V, fy 0 ¢™1)] € U. Moreover, there exists a K-quasiconformal diffeomor-
phism v : Xg — Y homotopic to (fy o ¢~ 1) o f)}ol, where e*! < D. Let fy : 8,,, — Y be the
diffeomorphism as in the previous lemma and take N = N’(g, n, K). Therefore, for each standard
loop v on X, the image fi{ () is homotopic to a loop of length bounded above by N relative

to fi-(s). O

3 Uniform boundedness for Parshin-Arakelov finiteness

Parshin-Arakelov finiteness investigates non-isotrivial holomorphic families of Riemann surfaces
over a Riemann surface of finite type. Suppose that B is an oriented hyperbolic surface of type
(g,n). A holomorphic family C'/B that comes from a holomorphic map F' : B — My, is non-
isotrivial if and only of F' is non-constant. Parshin-Arakelov finiteness claims that there are only
finitely many non-isotrivial non-isomorphic families of closed Riemann surfaces of genus h over B.
This also means that there are only finitely many non-constant holomorphic maps F': B — M.

Fix € > 0. In this section, however, we investigate a non-constant holomorphic map F : B —
M, where B is an arbitrary, not fixed, oriented hyperbolic surface of type (g,n) with sys(B) > e.
In particular, we will prove Theorem [C| from the introduction.
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Proposition 3.1 (Theorem 1 in [Shi97|). Let B be an oriented hyperbolic surface of type (g,n)
and F : B — My, be a non-constant holomorphic map. Suppose that Fy : m(B,t) — Mod,, is
a monodromy homomorphism induced by F with t € B. Then there does not exist a set of non-
homotopic disjoint simple closed curves {aq,...,an'} on Xy such that the set of homotopy classes
{[aa], - ., [an]} is preserved by F.(g) for each g € m (B, t).

This proposition is known as the irreducibility of holomorphic curves in the moduli space. It
first appeared in [IS88| as part of the proof of the Parshin-Arakelov finiteness. Shiga later formally
formulated this result in [Shi97]. For the case of n = 0, the irreducibility is a consequence of
IDWO07), Theorem 5.7] and is also proved using the maximum principle for subharmonic functions
[McMO00, Theorem 3.1]).

Theorem 3.2. There exist a constant N = N"(g,n,€) depending only on (g,n), € and a compact
subset K' = K'(g,n, h,e) C My, depending only on (g,n), h, e that satisfy the following statement.
Let B be an oriented hyperbolic surface of type (g,n) such that sys(B) > € and F : B — My
be a mon-constant holomorphic map. Then, there exists an orientation preserving diffeomorphism
5 1 Xgn — B such that

(i) fp sends the base point s € X, to t'y € B such that F(ty) € K';

(it) the image f(v) C B of each standard loop v C X, is homotopic to a loop relative to t'y of
length bounded above by N".

Theorem is a continuation of Theorem in which the constant N"'(g,n,¢) and the
orientation preserving diffeomorphism f} are inherited. We start with a well-known lemma on
closed hyperbolic surface, based on which we then prove that sys(F(t’z)) is bounded. The proof of
Theorem proceeds similarly to the proof of [McMO00, Theorem 3.1].

Lemma 3.3 (Corollary 13.7 in [FM11]). There exists a constant 7, > 0 depending only on h such
that on any closed oriented hyperbolic surface X of genus h, if {a1,...,ap} is the set of closed
geodesics of length smaller than 1, then v(a;, ;) =0 and b’ < 3h — 3.

Proof of Theorem[3.2. We aim to show that sys(F(t};)) > 7,/N"?"=3 and therefore take K' =

113h—3
MET’L/ N , which is a compact subset by Mumford’s compactness. Suppose that F’ (has

a hyperbolic representative (X, fx) and assume that sys(X) < 7,/N"3"=3. By Lemma let
ai,...,ap be closed geodesics on X of length smaller than 7, with A’ < 3h — 3.

By Wolpert’s Lemma, images under f )}1 of the shortest several of aq,...,ay form a set of
homotopy classes on Xy, that is preserved by Fi(g) € Mody, for each g € 71 (B, t’3). This contradicts
with Proposition [3.1] O

Now, we provide the uniform boundedness for Parshin-Arakelov finiteness.

Theorem 3.4. The subset

F: B — My, is a non-constant holomorphic map

{MO(F)

B is an oriented hyperbolic surface of type (g,n) such that sys(B) > e} M
€ Mg.n,h

1s finite, where the finiteness depends only on g, n, h and €.

Proof. Let F : H2 — Tj, be the lift of F Consider a monodroy homomorphism F, = Fp o p, ;
Hom(7 (B, ), Modh) By Theorem and Theorem [3.2] there exists an orientation preserving
diffeomorphism fj : ¥4, — B such that [p(s) =tz and, for each standand loop v C X, ,,, there
exists a loop v C B homotopic to f5(7) relative to t'B such that Ig(vg) < N” = N"(g,n,e€).
Besides, we have a compact subset K' = K'(g, n, h,¢) C My, such that F(t) € K'.

When t = t5, it suffices to show that there are only finitely many possibilities of F ([v ]) €
Mody, for each standard loop . Since K’ is compact, it has a bounded lift K c Tr containing F( )
For each standard loop 7 C I'y 5, by Proposition [2.2) 2.2 the mapping class g := F.([ys]) € Mod,
has to be such that dr(F(?),g- F(f)) < N”/2. As the Teichmiiller metric is proper, the subset
B(E/’, N"/2) is again compact. Since the mapping class group Mod}, acts properly discontinuously
on Ty, there are only finitely many choices of g.

In general, there exists an orientation preserving diffeomorphism f : X,,, — B such that
f(s) = t and f is homotopic to fi. Let H : [0,1] x ¥,, — B be the homotopy such that
H(0,-) = f(-) and H(1,-) = f5(-). The path H(-,s) joining ¢ to t; induces a new monodromy
homomorphism F, € Hom(m (B, t’s), Mody,) such that Fi.([f(7)]) = FL([f5(7)]) for each standard
loop 7. Hence, there are only finitely many possibilities of F o f,. O
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4 Quasi-isometric rigidity

Suppose that B is a hyperbolic surface of type (g,n) and F : B — My is a holomorphic map.
In this section, we introduce the rigidity result, which claims that the holomorphic curve F(B) is
very similar to a Teichmiiller curve.

4.1 From cusp region to end of moduli space. The moduli space M}, has only one end,
meaning that for any compact set, there is exactly one unbounded component of the complement.
In this subsection, we consider a hyperbolic cusp region U, i.e. the neighbourhood of a cusp
bounded by a horocycle of length 2. Then we investigate a non-constant map F : U — M, that is
distance-decreasing for 1/2 of the hyperbolic distance dy on U and the Teichmiiller distance dag
on ./\/lh.

The Dehn twist along a closed curve o« C 3, denoted by 7, is a diffeomorphism of ¥, and
represents a mapping class T, € Modj,. Let & = {a1, ..., } be a multi-curve, then a multi-twist
along a is a product of the form T' =T} o--- o T;™ € Mod;, with each r; € Z\ {0}. In particular,
a power of positive or negative Dehn twist is a multi-twist in our discussion.

Lemma 4.1. Let 41,72 C H? be disjoint geodesics and k > 3 be an integer. Suppose that ¢ is a
hyperbolic isometry along 1 whose translation length is equal to | such that y5 N ¢(F2) = 0. Let
p1, P2 € H? be arbitrary points partitioned by both Yo and ¢¥(¥2). Then dy=(p1,p2) > 1.

Proof. Take the (unique) geodesic segment 3; perpendicular to both 47 and ¢*(y2), for i = 1,2. The
hyperbolic plane is separated by 71, 72, ¢(72), #*(72), ¢*(¥2) and B, B2 into 8 pieces. Therefore,
the geodesic segment joining p; to ps goes cross 31 and B. Hence the distance between p; and py
is at least the distance between 31 and (32, which is equal to [. O
Lemma 4.2 (Lemma 4.2 in [Iva92|, cf. Exposé 6, Section VII in [FLP12|). Let 7 =7} o---o7}™
be a multi-twist diffeomorphism along o = {aq,...,am}. Then for all closed curves v1,v2 C Xp,
we have

U7(1),72) = Z(|T1| = 2) u(71, 04) L2, 05) — t(v1,72)-
i=1

In particular, for any multi-twist diffeomorphism 7 along a and closed curve + intersecting o
at least once, we have «(73(7),7) > >, (13ri] — 2) ¢(v, ;) > 1. The following lemma is inspired
by this observation.

Lemma 4.3. Let T =T} o---oT)™ € Mody, be a multi-twist along o = {a, ..., n} andy C Xy
be a simple closed curve such that (o,y) = >, |rm|t(e,y) > 1. Then, given (X, fx)] € T, we
have

Lo, ([(X, fx)))

Wl =

Lo ([(X, fx)]) + Ly (T - [(X, fx)]) 2
foralli=1,... m.

Proof. Without loss of generality, we assume that (X, fx) is a hyperbolic representative of the
given [(X, fx)]. Suppose that T is represented by a multi-twist diffeomorphism 7. We have

Lo (T* - [(X, fx)]) = Lo—a) ([(X, fx)))

since T'- [(X7 fX)] = [(X7 Ixo T_l)]'

Consider a universal covering ¢ : H? — X such that the horizontal geodesic v; C H? is a lift
of the (unique) geodesic homotopic to fx(v) C X (see Figure [4). We suppose that 7; is oriented
toward the left. Proceeding from 0 € H?, the first lift of some fy () that intersects 4; is denoted
by a7 and the second lift of some fx () is denoted by as. Going along the opposite direction,
the first lift of some fx (o) is denoted by a7 and the second lift of some fx(cy) is denoted by
5. Suppose that a7 and a_7 are oriented upward.

Fixi=1,...,m. Without loss of generality, we further assume that u = 7.

The closed geodesic homotopic to fx(a,) C X is interpreted by a hyperbolic isometry ¢; €
Isom(H?) of which a7 is the axis, whose translation length is L, ([(X, fx)]). Therefore, the twist
T» is interpreted by ¢1* acting on the left. Similarly, the closed geodesic homotopic to fx (a,) C X
is interpreted by a hyperbolic isometry ¢_; € Isom(H?) of which o is the axis, whose translation
length is Lo, ([(X, fx)]). Therefore, the twist T3> is interpreted by ¢_7* acting on the right.
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Figure 4: Lifts of v and T#(v) given a multi-twist 7" along c.

Suppose that the twists within T along «, and «a, have the same direction. Without lose of
generality, we assume that r, > 0 and r, > 0. There exists a lift 45 of the (unique) geodesic
homotopic to fx (77%(y)) € X which connects two boundary points partitioned by both ¢1™ ()
and gb:‘ll“ (a73). Let p € H? be the intersection 41 N42. Let 11,12 be hyperbolic isometries along
41, 72 corresponding to fx (), fx(77*(v)) respectively. Therefore,

3( Ly (X, £ )]) + Ly(T* - (X, £)])) = 3( L (X, £x00]) + Lesy (X D)
= dH2 (ﬁa Qﬂ?(@) + dH2 (5, wg(ﬁ))

Meanwhile, 43 (p) and 3(p) are partitioned by both @z and ¢i"™(a3). The desired inequality
follows from Lemma

Suppose that twists within 7' along «, and «, have different directions. Without loss of
generality, we assume that r, > 0 and r, < 0. In this case, we have ¢(a,7) > 2. Take the lift 73
of the geodesic homotopic to fx (774(v)) C X which connects two boundary points partitioned by
both ¢i"™(a3) and ¢~1"" (a_3). Note that 95 does not intersect 5;. The geodesic 73 = ¢ ' (72)
is another lift of the geodesic homotopic to fx(77*(7)), which connects two boundary points
that are partitioned by ¢‘1“‘u—1(672) and ¢ '(a"1). Hence 73 intersects 71, where the intersection is
denoted by p. Let 11, ¥3 be hyperbolic isometries along 71, 3 corresponding to fx (7), fx(774(v))
respectively. Therefore, /3(p) and 3(p) are partitioned by both az and ¢}™~*(a3). Again, the
desired inequality follows from Lemma O

The multi-twist of a hyperbolic surface that provides a very slight deformation of the hyperbolic
structure should be along a set of very short closed geodesics. We formulate this property in
Proposition [£.4] and Proposition which should be well-known.

Proposition 4.4. Given p € Z~g, there exists a constant lyap = lmaz(h, 1) that depends only on
h and p such that, for any multi-twist T = T} o---oT};m™ € Mody along a = {a1,...,an} and
(X, fx)] € Th, if
dr ((X, fx)L T (X, fx)]) < 2p
then
Lai ([(Xa fX)]) < lmax

foralli=1,...,m.

Proof. Without loss of generality, we assume that (X, fx) is a hyperbolic representative of the
given [(X, fx)]. There exists a geodesic pants decomposition Px = {v;} of X with each Ix(y;)
bounded above by Bers’ constant (cf. Theoem 12.8 in [FM11]). More precisely, Ix (v;) < 21(h—1)
for each 7; € Px. Suppose that ax,; C X is the (unique) geodesic homotopic to fx(«;), for each
a; € o, and set ax = {ax;|¢=1,...,m}. There are two cases to consider for all i =1,...,m.
Case 1: ax,; € Px. Then, L., ([(X, fx)]) = Ix(ax,:) < 21(h —1).

Case 2: ax,; ¢ Px. Then, there exists a simple closed curve v C ¥, such that ¢(c,y) > 1 and
L, ([(X, fx)]) <21(h —1). By Wolpert’s Lemma,

Ly(T* - (X, fx0)]) < exp {2 dr([(X, £x)1, T - [(X, fx)D)} - Lo ([(X, fx)]) < e Lo ([(X, fx)))-
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Hence, by Lemma [£.3] we get

Loy (X, fx)]) < 3( Lo (X f0D) + Lo(T* - [(X, fx)]))
< 3L, ([(X, fx)]) (1 +e*%) < 63(h — 1)(1 + €'%*) = Lnax(h, p).

O

We shall consider Fenchel-Nielsen coordinates for 7, associated with a pants decomposition P
of 3j,. Let P = {C;} be a set of closed curves on Xj. The length parameter of C; is denoted by
l; = Le, ([(X, fx)]). However, the twist parameter 0, is chosen to be proportional along C; so that a
positive Dehn twist along C; changes the twist parameter by adding 27. For [(X, fx)], (X', fx/)] €
Th, the Fenchel-Neilsen distance with respect to P is defined by

din,p ([(X, fx)] (X', fx0)]) = supmax{|logl; —log ;] |l:6; — L;6;]}

where [(X, fx)],[(X’, fx/)] have Fenchel-Nielsen coordinates ¢ = (I;,6;); and ¢ = (I},6}); respec-

)7

tively. Fenchel-Nielsen distance is introduced and investigated in [ALPSS11]. In fact, we have the
following quasi-isometric relation between Fenchel-Nielsen distance and Teichmiiller distance.

Proposition 4.5. Let [(X, fx)], (X', fx/)] € Ty be arbitrary and P = {C;} be a pants decomposi-
tion of &y, such that [(X, fx)], (X', fx/)] have Fenchel-Nielsen coordinates c = (1;,60;);, ¢ = (1., 6});

1771

respectively. Suppose that, for some constants N1, Ny > 0, we have I;,l; < Ny for alli =1,2,...
and dpnp([(X, fx)], (X', fx/)]) < Na. Then,

dr ([(X, £x)), (X', fx)]) < dpvp (X, £x)1 (X7, fx)]) - N3 (N1, Na)

and

drn,p([(X, fx)] (X fx)]) < dr (X, fx)) (X, fx0)]) - Na(Na)
where the constant N3(N1, Na) depends on N1 and Na, the constant Ny(N1) depends only on Nj.

Proof. The first inequality comes from Proposition 8.4 in [ALPSS11| and the second inequality
comes from Corollary 8.8 in [ALPSS11]). O

We improve Proposition [£.4] using Proposition

Proposition 4.6. Given u € Zsq, there exists a constant K1 = Kj(h,u) that depends only on
h and p such that, for any multi-twist T = T} o---oT}m™ € Mody along a = {aq,...,an} and
(X, fx)] € Th, if

dT([(X7 fX)]vT ’ [(Xa fX)]) <2pu

then
Lo, ([(X, fx)]) < Kudr ([(X, fx), T - [(X, fx)])

foralli=1,...,m.

Proof. As in Proposition we assume that (X, fx) is a hyperbolic representative of the given
[(X, fx)] and let acx be the set of geodesics on X homotopic to fx («;) for every «; € . Therefore,
there exists a(nother) geodesic pants decomposition Px = {v;} of X such that

- ax C Px;

- Ix(v) < Bers(ax) for each v € Px, where Bers(ax) is a variation of Bers’ constant that
depends only on h and lengths of every geodesics in ax, therefore depends only on A and p.

Set C; = fx'(vi) and then P = {C;} is a pants decomposition of ¥ such that L¢, ([(X, fx)]) <
Bers(ax), for each C;. By Wolpert’s Lemma, we further have

Lo (T [(X, fx)]) < exp {2 - dr([(X, fx)], T - [(X, fx))} - L. (X, fx]) < e Bers(aux).

Therefore, by Proposition there exists a constant K; depending only on Bers(ax) and
e** Bers(ax ) such that

Lo, ([(X, fx)]) < %dFN,P([(Xv LT -[(X, fx)]) < Kadr([(X, fx)]L T - [(X, fx)))

foralli=1,...,m. O

15



From now on, we consider a hyperbolic cusp region U and a non-constant map F' : U — M,
that is distance-decreasing for (1/2)dy on U and daq on My,.

Suppose that U = {(g)\B with B C H? a horoball and g € Aut(H?) a parabolic isometry.
Therefore, the map F' can be lifted to a map F:B— T, Let ¢ € Modj, be such that, given a
generating loop v C U based at p € U and a lift p € B of p, one can lift F(v) to a path joining
F(p) to ¢-F(p). This mapping class ¢ should satisfy the inequality €/2 > d(F(p), - F(p)), where
0 < € < 2 and the horocycle H. C U of length € contains p. Such a mapping class is called the
monodromy of F'.

We suppose that a power ¢ is exactly a multi-twist 7' along a. Each point p € U determines
the unique horocycle H. C U such that p € H.. Each lift p € B of p determines the geodesic
length | = L, (F(p)). We associate the length amount € and the length amount { to show that F
is a quasi-isometric embedding.

Theorem 4.7. Given € > 0, there exists Ko = Ky(h, u, €) that depends only on h, u, € and satisfies
the following statement. Suppose that sys(F (pmaz)) = € for some ppmar € OU. Then, we have

1 1
idU(p17p2) > dpm(F(pr), F(p2)) 2 idU(pl;pQ) - K

for any pair of points (p1,p2) in U.

Proof. Let pmax € OU and p € H. C U be arbitrary with ¢ < 2. Take a lift Dmax € B of pmax
and a lift p € B of p such that da(F (pmax), F'(p)) = dr (F F(Pmax), F(p)). For convenience, we set

Gmax = F(Pmax)s ¢ = F(P), Gmax = F(pmax) and ¢ = F(p). By Wolpert’s Lemma, Proposition
and the triangle inequality in (U, dy ), we have

o 1, Lo, (gmax
d./\/l (q7 qrnax) = dT(q7 Qmax) 2 5 1Og IJ((a))
oy
1 5Y8(Gmax) 1 SYS(Gmax) 1 SYS(¢max) 2
> —1lo — 270727{ ——F—7 +1o f}
2 PR wdr@T -9 2 CK(hmue2 2V K (o e
1

v

2dU(p7pmaX) - Ké
where K5 =1 — (1/2)1ogsys(gmax) + (1/2) log K1 (h, p) .

In general, let p1,ps € U be arbitrary. Set ¢g; = F(p1), g2 = F(p2) and take the corresponding
horocycles He, 3 p1, He, 3 p2. Using the above inequality and triangle inequalities in both (U, dy)
and (Mp,dam), we conclude that

1
idU(p17p2) > dam(qr,q2)

> |dM (CI17 Qmax) - d./\/l (Q27 qmax)|

1
> i‘dU(PhPmax) - dU(pQ,pmax)‘ — Ké
1 2 2 2 9
> fmax{(log* f2> — (10g*+2), <log— —2) — (10g7+2)} — K}
2 €2 €2 €1
1
— fmax{log— 10g7}727Ké
2 €2
1 .1 /
> 5 (dy(pr.p2) = 2) = 2= K} = Sdu(pr.p) — 3 — K.

O

4.2 Proof of Theorem Consider an oriented hyperbolic surface B of type (g,n), which has
n cusps. Let U; be the cusp region of the i-th cusp, which is of area 2 and bounded by a horocycle
of length 2, for i = 1,...,n. The complement is a compact hyperbolic surface with boundary,
denoted by B, C B.

The proof of Theorem [A| - (i) is made up of two lemmata. The first lemma claims that the
holomorphic map restricted to a cusp region U; is a quasi-isometric embedding whose parameters
depend not only on (g,n), h and sys(B) but also on sys(F'(b)) for an arbitrary point b € Bep.
The second lemma claims that sys(F(b)) is bounded uniformly for b € B.,. Theorem [A|- (ii) is
a consequence of Theorem [A ) due to the fact that diam(B.p,) has an upper bound based on

sys(B).
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Lemma 4.8. Given ¢ > 0, there exists a constant K3 = Ks(g,n,h,€) that depends only on
(g,m), h, € and satisfies the following statement. Let B be an oriented hyperbolic surface of type
(g,m) and F : B — My, be a non-constant holomorphic map with a monodromy homomorphism
F, € Hom(m (B,t),Mody) such that a peripheral monodromy of the i-th cusp is of infinite order,
for some i = 1,...,n. Suppose that sys(B) > € and sys(F (b)) > € for some b € B.,. Then, we
have

1 1
idB(pMPZ) > dpm(F(p1), F(p2)) = idB(p1,p2) - K3
for each pair of points (p1,p2) € U; x U;.

Proof. Since F is holomorphic, it is automatically distance-decreasing for (1/2)dg on B and da
on Mj,. Now regard the hyperbolic surface B as the union of the compact region B, and n more
disjoint cusp regions Uy,...,U, each bounded by a horocycle of length 2. Select an arbitrary
boundary point pmax; € OU; and let diam (Bg,) be the diameter of B.).

A peripheral monodromy of the i-th cusp, denoted by ¢, is reducible, of infinite order and has
no pseudo-Anosov reduced component. Therefore, some power ¢* is identical on each component,
where p is bounded above by a constant determined by h. Hence, ¢* is a multi-twist.

Suppose that sys(F'(b)) > € for some b € B.,. Let (p1,p2) be a pair of points in U;. By The-
orem the difference between daq(F(p1), F(p2)) and (1/2)dg(p1,p2) is bounded by a constant
depending only on h,u and a lower bound of sys(F(pmax,:)). By Mumford’s compactness, the
diameter diam (B,) is bounded by a constant determined by (g,n) and e. Wolpert’s Lemma then
shows a mutual dependence between sys(F'(b)) and sys(F (pmax,:)). Hence, the unique parameter
used in the desired inequality depends ounly on (g,n), h and e. O

Lemma 4.9. Given € > 0, there exists a constant Ky = K4(g,n, h,€) that depends only on (g,n),
h, € and satisfies the following statement. Let B be an oriented hyperbolic surface of type (g,n) such
that sys(B) > ¢ and F : B — My, be a non-constant holomorphic map. Then, for any p € Be,, we
have

sys(F(p)) > Ki.
Proof. One can derive this from Theorem and Wolpert’s Lemma. O

4.3 Proof of Theorem It remains to investigate a pair of points in distinct cusp regions.
Theorem [B] comes from the following lemma.

Lemma 4.10. Given € > 0, there exists a constant K5 = K5(g,n, h, €) that depends only on (g,n),
h, € and satisfies the following statement. Let B be an oriented hyperbolic surface of type (g,n)
such that sys(B) > € and D C H? be a fundamental convex polygon of B with exactly n ideal points.
Let F : B — My, be a non-constant holomorphic map with a monodromy homomorphism F, €
Hom(m (B, t),Mody,). For somei # j,i=1,...,n and j = 1,...,n, if peripheral monodromies
of the i-th and the j-th cusps are of infinite order and they are not disjointed along some geodesic
segment k; j; C B having a lift k; ; C D, then we have

1 - - - 1 -
§dH2(p1,P2) > dr(F(p1), F(p2)) > Zde(Phpz) — K5 — lp(Ki ;)

for each pair of points (p1,p2) € U; x U;, where p1 € D is a lift of p1 and pa € D is a lift of pa.

Proof. Without loss of generality, we assume that ¢ = 1 and j = 2. Suppose that py € H,, C Uy
where H,, is the horocycle of length 0 < ¢; < 2 within the cusp region U;. Suppose that ps €
H., C Uy where H,, is the horocycle of length 0 < €3 < 2 within the cusp region Us.

Consider the peripheral monodromies ¢; and ¢o associated to k. Therefore, some power ¢4 is
a multi-twist along a multi-curve a; and some power ¢5? is a multi-twist along a multi-curve o,
where both p1 and po are bounded above by a constant determined by h. There exist a1 € oy
and ag € a such that (a1, a) > 1.

Take ¢1 = F(p1), g2 = F(p2) € My, and set ¢1 = F(p1), @2 = F(p2) € Tr. By Proposition
since d7(q1, 0" - q1) < w1 - €1 < 2py and dr(ga, dh? - G2) < p2 - €2 < 2us we have

Lo, (q1) < Ki(h,pr) - dr(qu, 85 - q1) < Ki(h,pa) - pa - €1,
Lo, (q2) < Ki(h, p2) - d7 (G2, 85° - G2) < Ki(h, p2) - pi2 - €2.

Besides, since t(aq, a2) > 1, we have

sinh (7];‘“2(‘?1)) sinh (7];“22(‘?1)) >1 and sinh (L}(q})) sinh (L” (‘”)) >1
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which implies that L,,(g2) > 2arcsinh
Therefore, by Wolpert’s Lemma, we have

and L,,(q1) > 2arcsinh

1 1
sinh K1 (h,p2) p2 sinh K1 (h,p1)-p1°

~ o~ ~, - ~ ~ o~ 1 La 72 1 La 71
dig2(P1, 52) > 2d7(F(p1), F(52)) = 2d7 (G, G2) > = log =) 4 ~Jog Z22(0)
2 " Lay@) 2 7 Laya)

1 2 2
> g(log o + log g) — Ks.1,2(h, 1, po) — Ks 21(h, 11, p12)

where

1 Kl ha,ul et
Ks1.9(h, i1, p2) = 5 log arcsinh< )

)

-1
sinh K1 (h,u2)-p2

1 Ki(h, p2) - po
Ks2,1(h, pa, p2) = 92 log arcsinh

T .

Using triangle inequality in (H?, dg2) and the fact that D is convex and bounded by geodesic
segments, we conclude that

- - 1 - 1 .. —
dp2 (p1,p2) > 2d7(q1,q2) > idHQ (p1,p2) — 3 diam(Bep N D) — K51 2(h, p1, p2) — Ks.2.1(h, p, p12)

where B, C H? is the lift of B, C B. O

5 Examples and applications

This section is intended to provide several examples, remarks concerning and consequences of
Theorem [A] and Theorem [B] We focus on holomorphic curves in Ms. Let v1,72,73,74,75 and 7,0
be closed curves on 3 represented in Figure [f| and Figure [6]

Figure 5: Five closed curves on X along . .
F 6: Anotl f closed
which the Dehn twists generate Mod,. We E;gure nother pait ot closed curves ot

have chosen their orientations for later use.

It is well-known (cf. [Bir75, Theorem 4.8] and [Aur03, Figure 1]) that Mods is generated by
the five Dehn twists T’,,,7%,,T,,T5,, Ty, and admits the following presentation:

T, 0T, =T, oT, ifli—j|>1;

_ Ty 0T, 0T, =T, oT, oT,, ifli—j|=1;
M0d2 - <T’Yla e 7T’75 T’Yl ° TV2 o T’yg o Tﬂ/4 ° TA?S o T’Y4 o T’yg ° Tvz ° T’y1 _ I is central; .
=1 (T, o T, 0Ty, 0T, OT’Ys)G =1

One can check that [ = (T, o T,, o Ty, o T, )5.

5.1 Quasi-isometrically but non-isometrically immersed curves. Theorem |A| provides a
sufficient condition on the monodromy homomorphism for a holomorphic map F' : B — My, to be
a quasi-isometric immersion. On the other hand, the monodromy homomorphism of an isometric
immersion F' : B — My, is essentially purely pseudo-Anosov (see Definition and Theorem
2.6). Therefore, we present a criterion for a holomorphic curve to be quasi-isometrically but not
isometrically immersed.
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Criterion 5.1. Let B be an oriented hyperbolic surface of type (g,n) and F : B — M, be a non-
constant holomorphic map. Suppose that (a) the monodromy homomorphism is not essentially
purely pseudo-Anosov, (b) all peripheral monodromies are of infinite order. Then, the holomorphic
curve F(B) C My, is quasi-isometrically but not isometrically immersed.

In the rest of this subsection, we construct a quasi-isometrically but not isometrically immersed
holomorphic curve F(B) C Msy of type (0,6). In addition, there exists a desired fundamental

polygon D as in Theorem E such that F ‘D is a quasi-isometric embedding.

Example 5.2. Set B=C\ {-2,-1,0,1,2} and

' = {([Xo 1 X4),[Yo : Y3],b) € CP' x CP' x B

XSY2 =(X1 + Xob)(X1 — Xob)(X1 + Xo)
(X1 4 2X0) (X1 — Xo) (X1 —2X0) Y2 |

Let ' : C' — B be a holomorphic map with 7/([Xg : X1], [Yo : Y1],t) = t. Then, each fibre 7/~1(b)
is a double cover of CP! via 7'~1(b) > ([Xo : Xi],[Yo : Yi],t) — [Xo : X;1] € CP! with branch
points

Po=[1:b,P,=[1:2,Ps=[1:1,P,=[1:-1,Ps=[1:—-2],Ps=[1:—b] and co = [0: 1].

Therefore, the resolution at [0 : 1] for every ¢t € B is a holomorphic family C'// B of Riemann surfaces
of genus 2, say m : C — B, which is non-isotrivial.

Proposition 5.3. The classifying map of the holomorphic family C/B in Example s a quasi-
isometric but not-isometric immersion. Moreover, the lift of the classifying map restricted to some
Sfundamental polygon is a quasi-isometric embedding.

Proof. The base B is a Riemann surface of type (0,6). To illustrate the monodromy homomor-
phism, we fix the base point t := 3 € B and investigate generic fibres at b € I' C B where I is shown
in Figure [7} In fact, the resolution of 7'~1(¢) is the union of two copies of a single-valued branch
that are glued along the boundary, where the boundary consists of three connected components.
Figure [8| shows a piecewise correspondence between the algebraic curve 7~!(¢) and the topological
surface Y.

CcP! CP!
Py
P
I'chB

S o W W W W o W P.
9210 1 2 7=3 s
Py

Figure 7: The subset I' C B
at each point of which the fi- P

bre is generic.

Ps

Figure 8: A piecewise correspondence between two copies of the
single-valued branch at t = 3 and 3.

When b € T is approaching one of —2, —1, 0, 1 and 2, there exist several closed curves on the
generic fibre each joining two distinct branch points and vanishing when b takes the limit. These
closed curves are called vanishing cycles. Figure [J] tells us what the pair of branch points is for
each vanishing cycle. The peripheral monodromy is not the product of Dehn twists along vanishing
cycles, but the product of their squares. One may compare its action on a transverse arc to the
standard picture of a Dehn twist and a squared Dehn twist (see Figure .
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=
= &=

. ) . . Figure 10: A pair of branch points rotated
Figure 9: Deformation of the branch points. clockwise and the squared Dehn twist.
To identify the vanishing cycles, we deform the algebraic curve 7=1(b) along I' and maintain
the correspondence with ¥5. This deformation and all vanishing cycles at —2, —1, 0, 1, 2 are
depicted in Figure
We need the following.

Lemma 5.4. Let v1,v2 C Yo be two closed curves on the (oriented) closed surface of genus 2 such
that v(y1,72) = 1. Consider a path, denoted by v1/A\va, starting from some p € v1 \ Y2, moving
along v to the intersection, turning right, moving along o back to the intersection, turning left
and moving along v, back to p. Then, we have

Tyny = T’Y_gl 0Ty, oT,,.
Proof of Lemma[5-4 This comes from the fact that v; /Ay is homotopic to T, LYyy). O

We return to the proof of Proposition The monodromy homomorphism F, : m(B,t) —
M0d2 is eXpressed as a SeXtuplev denoted by (¢007 ¢72) ¢*17 ¢07 d)lv ¢2)7 where ¢007 ¢727 d)flv ¢07

¢1 and ¢, are peripheral monodromies at oo, —2, —1, 0, 1 and 2. Using (bé/Q }/2, (1)/27 ¢£/12 and

¢£/22 to denote half peripheral monodromies at 2, 1, 0, —1 and —2 respectively, so that

1/2
2/ :T% oT

V5
12 1 -1
1 =y 0 Thsny, = T72 oTy, 0Ty, 0 Tm 0Ty, 0T,

/2 _p
by = (M Av2) A(v5 AyaDy3)
=1 -1 _ -1 -1 -1 _ -1
=1 0T, ol ol 0Ty 0T, ol 0Ty, o, " oT, " oTy 0Ty, 0Ty,

1/2 _ 1 -1 _1 1
¢—1 _T%A’mﬁvz O LygAysAys = T’Y3 o T’YQ o T’Yl o T’Yz o T’Ys ° T’Yg o Tv4 o T% o TM o T’Y:w

1/2 _
0y =T, AysAvabys © Ty nys Ava
_m-1 —1 —1 —1 —1 —1
*T’m ° T’ys °© T’yz © T’Yl o T’Yz o T’Ys o T’Y4 o T’)’Q o T’Yg o Tfy4 o T’Ys o T"/4 o T’Ys o T’Y27

we observe that
T2 o (915) 0 (617)7 0 (9'%) 0 (61/%) 0 (63/)? = 1
and
(/) 0 (61)7 0 (&)%) 0 (1) o T}, o T}, 0 T, 7 = 1

where 7 and o are given in Figure [f] Therefore, the peripheral monodromy at co is again a
multi-twist and there exists an essential closed curve on which the monodromy is a multi-twist.
Hence, the holomorphic family C'/B induces a quasi-isometrically but not isometrically immersed
holomorphic curve.

The global monodromy (¢eo, d—2, 91, o, d1,¢2) is a tuple in Mody whose components are of
infinite order and pairwise intersecting. Hence, the lift of the classifying map restricted to some

fundamental polygon, say F ’ : D — 7T, is a quasi-isometric embedding. O
D
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/ P
P, P, P

2
P 3 P. 2

single- P,
valued Py Py Ps

branch

PG P4 P4
P, 4 P6 P 5
P 5 P@

),
ONONONONO

Vamshlng
cycle(s)

Figure 11: Deformation of the generic fibre along I is illustrated by the deformation of the single-
valued branch, due to the correspondence between two copies of single-valued branch and 5. One
can further point out the vanishing cycle(s) at 2, 1, 0, —1 and —2 respectively.

5.2 Non quasi-isometrically embedded cusp regions. In this subsection, we provide a holo-
morphic curve of type (0,8) in My for which a cusp region is not quasi-isometrically embedded.
In fact, the corresponding peripheral monodromy is of finite order and therefore this holomorphic
curve does not satisfy the hypothesis of Theorem [A|-

Example 5.5. Set B=C\ {-1,-1/2,-1/3,0,1/3,1/2,1} and
X5YE =(X1 — (3b+2)X0) (X, — bXp)

C =< ([Xo:X41],[Yo:Y1],b) eCP' xCP' x B (X1 + (3b—2)Xo)(X; + bXp)
(X1 — Xo)Yy

Let 7 : C — B be a holomorphic map with 7([Xo : X1],[Y : Y1],¢) = t. Then, each fibre 7=1(b) is
a double cover of CP! via 771(b) 3 ([Xo : X1], [Yo : Y1],t) — [Xo : X1] € CP! with branch points

Po=[1:3+2],P,=[1:b,P3=[1:1],P,=[1:-b,Ps=[1:-3b+2] and co = [0: 1].

Therefore, C'//B is a holomorphic family of Riemann surfaces of genus 2, say = : C — B, which is
non-isotrivial.

Proposition 5.6. The classifying map F : B — Ms of the holomorphic family C'/B in Example
satisfies the following properties:
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- Peripheral monodromies at oo are of order 2.
- The restriction of F' to the cusp region at oo lies in a thick part of Ms.

Proof. The base B is a Riemann surface of type (0,8). To illustrate the monodromy homomor-
phism, we fix the base point ¢ := 2 € B and investigate generic fibres at b € I' C B where T' is
given in Figure

recnb
— e " n=n n n
—1 -1 -3 0 3 3 1 t=2

Figure 12: The subset I' C B of generic positions we are looking at.

Figure [13| shows a piecewise correspondence between C; := 7~ 1(¢) and the topological surface
Y5. Therefore, the monodromy homomorphism F, : w1 (B,t) — Mods is expressed as an octuple,

denoted by (¢oo, ®—1,P—1/2, P13, D0, P1/3, P1/2, 1), Where doo, ¢_1, P_1/2, P_1/3, 0, P1/3, P12
and ¢; are peripheral monodromies at co, —1, —1/2, —1/3, 0, 1/3, 1/2 and 1.

CP! CcP!
o0 00 PN
j2) >
P
P ()
P
P.
3 P,
” ()
Py
P5 P5

Figure 13: A piecewise correspondence between C; and Y.

The half peripheral monodromies are given by the following.

1/2

V=T 0T,
(big = Ly A(ysDya) — Tv_41 ° Tv_s.l o T74 © T’Ys © Tw_41 © T’ys oT,,,
¢i§§ = LysAyy = Tﬂl © T’)’5 ° T’Y4a

0% = Ty 31 © Ty ) Ao 92)

_ m—1 -1 -1 -1 -1
_TM OT’YS OT’Y4 OTvz OT’Ys OTWz OTM OTVS OT’Y4 OT’YQ OT’YS oT

Y20
1/2 _

¢—/1/3 = Avsldye T T’yzl 015, o Ty,
1/2 — —_

¢7/1/2 = T('YsA’M)A’h) = T’ygl ° T'y41 © T’Ys © T’y4 © T’yza

1/2
¢—/1 =T,,0T,,.

We observe that (¢/)2 0 (¢!/7,)2 0 (¢™/7,3)% 0 (65/%) 0 (¢1)3)% 0 (¢1/5) 0 (¢1/%)? is of order 2.

Fix an orientation preserving diffeomorphism f; : ¥ — C; marking C; and endow each Cj :=
7~ 1(b) with the marking f; along T, for b € I'. We take a sufficiently large N > 0. To see that the
restriction of F to the cusp region at co lies in a thick part of My, it suffices to show that sys(Ch)
is bounded away from 0, for b € R>y. From now on, we consider only generic positions b € R>
and generic fibres Cy, at b € R> n.

Half the hyperbolic distance on Cj is equal to the Kobayashi distance on C}. Recall that the
Kobayashi pseudo-norm on T'C}, is defined by Kobg, (z,v) = inf4{1/c} for z € C}, and v € T,,Ch,
where the infimum is taken over all holomorphic maps ¢ : A — O satisfying ¢(0) = x and
(d$)o(0/0z) = ¢ - v. In order to obtain a very coarse estimation of Kobe,, we make the following
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restrictions on ¢: (i) ¢(A) lies in a single-valued branch, which is a subset of the affine chart C;
(ii) ¢ : A — C is the composition of a linear map and a translation, meaning that ¢(A) C C is
also a disc away from Pi,..., Ps.

The branch points Py, ..., Ps are colinear. We observe that each ratio
dr2(P;, P;)
i,j b) = — ="
r ’J»kyl( ) dR2 (Pk’ Pl)

of euclidean distances converges as b — oo, for i # j and k # [. Set

Tmin ‘= (1/2) min{ lim 7; ;£,(b)} and 7max == (1/2) max{ lim r; ;1 (b)}.
iyl b0 ikl b0

Therefore, for each i € {2,3,4,5}, there exists a closed curve §; lying in a single-valued branch
and homotopic to f(y;) such that Ige2(8;) < 12rmax + € and dge(z, Pj) > rmin — € for all z € §;
and j € {1,2,3,4,5}, where € > 0 is sufficiently small and determined by N (see Figure .

C C C

)

op; op; o p;

B2

Bs

Figure 14: Closed curves homotopic to fp(72),. .., fo(75) with bounded Kobayashi lengths.

Each of s, 83, B4 and 85 has the hyperbolic length
1 1
. 1
ley(Bi) =2 | Kobg, (B(t), Bi(t))dt < 2- : ——dt
) =2: [ Koba, (G0 Aoy <2- | min; {dz2(8:(t), P;)}/|Bi(t)

1
< / 1Bi(t)]dt = 2@2(@.) < 202w )
0

Tmin — € min € Tmin — €

Hence L, (Cy), Ly, (Cs), L, (Cp) and L+, (Cy) are uniformly bounded from above. We conclude
that sys(C}) is bounded away from 0. O

5.3 Holomorphic genus-2 Lefschetz fibrations. Holomorphic genus-2 Lefschetz fibrations
over a punctured sphere are quite well-understood by works of Siebert and Tian [ST05] as well as
Chakiris |[Cha83| and Smith [Smi99] (cf. also [Sall4]). In particular, there are only finitely many
explicit possibilities for the global monodromies of genus-2 Lefschetz fibrations without reducible
fibres (i.e. without separating vanishing cycles) up to Hurwitz moves. By convention, we use e
to denote the concatenation of tuples: (¢1,...,dx) ® (V1,...,9%1) = (d1,..., Pk, ¥1,..-,%;). The
power of a tuple corresponds to a repeated concatenation with itself. The symbol [] represents
the concatenation of a family of tuples.

Proposition 5.7. Givenn > 3, let B be an oriented hyperbolic surface of type (0,n) and F : B —
My be a holomorphic map with a global monodromy (p1,...,d,). Suppose each ¢; is the Dehn
twist along a non-separating closed curve. Then the global monodromy has the following properties:
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(i) Using a finite sequence of Hurwitz moves, one can transform (1, ..., o) into the concate-
nation of tuples A} o A% o A% where p,q,r are non-negative integers and

A= (T’YlvT’Y2’T‘Ys’TM?T’stTWwT’M’T’stT’Y27T'Y1)2a
A = (T’Y17T72’T’737T’Y4)57 Az = (T’YlvT’Yz?T’Ys’T’M?T’Ys)G'

(i) Using a finite sequence of Hurwitz moves, one can transform (¢1,...,...n) into a tuple of
Dehn twists along pairwise intersecting closed curves.

Proposition [5.7] - (i) is Theorem B in [Cha83] and the holomorphic map F : B — M is the
classifying map of a holomorphic genus-2 Lefschetz fibration without separating vanishing cycles.
In this case, by Proposition — (ii), all hypotheses of Theorem [B| hold for a specific fundamental
polygon D and we have the following corollary.

Corollary 5.8. Let B = I'\H? be an oriented hyperbolic surface of type (0,n), n > 3. Let F : B —
Mo be the classifying map of a holomorphic genus-2 Lefschetz fibration without separating vanishing
cycles. Then, there exists a fundamental polygon D of B such that ﬁ‘D 2 (D, (1/2)dyz2) — (T2,dT)
is a (2, K + diam(D))-quasi-isometric embedding, where K = K(0,n,2,sys(B)) as in Theorem B
For positive integer [, recall that Hurwitz moves acting on a I-tuple (¢1, ..., ¢x) are given by
_ L; R; _
("'7¢io¢i+1 Oqsi lad)ia"') — ("'a¢ia¢’i+1a"') — ("'7¢i+17¢i+11 O¢io¢i+1a"')'
We consider a closed curve 6 C X5 and use E) to denote an orientation of 4. The algebraic
— — - =
intersection number of two oriented closed curves d§; and o, denoted by i(d7,d2), is defined as

N
the sum of the indices of the intersection points of §; and s, where an intersection point is of
index +1 when the orientation of the intersection agrees with the orientation of 3, , and is —1

otherwise. Note that 2(5—1), (5_2)) # 0 only if ¢(d1,d2) # 0.

Let ©; be the set of I-tuples (g1, ..., g;) where each g; is a positive Dehn twist in Moda, Q) be
the set of [-tuples (6-1>, R E}) where each 3: is an orientation of some closed curve §; C Xo. There is
a natural map f : *Q; —  sending ((5—{, A E)) to (Ts,,...,Ts,). We define the matriz of algebraic
intersections M = M(é_f, cee g{) € R on every element in *€; by setting MZ] = Z(E), 5—;)

The maps “L; and ﬁRi on *Q; induced by the Hurwitz moves L; and R; are defined as follows.

—_— = br, - — 'R, — 1=
(. .. ,T51(51-+1), 61';- . ) < ( cey (51',52'4_1,. . ) L ( . "6i+17T6i+1(6i)’ .. )

We also have the maps bLi and bRi on R*! defined by

N = (1) <25 0T = () 225 017 = (1)
such that m;z = m;+1,¢+1 = m;/z = mli/—i-l,i+1 =0, m;,i—&-l = Mit1,i = m/i/,i+17 m;+1,z‘ = Mii+1 =
myyq ; and, for j k & {i,i+ 1}, that m/ , = m;, =mf,,

m;k = Myt1,k + Mit1,:My ks m2+1,k =My k ,m;ﬂ- =My i+1 — M4 i41Mj 4, m;7i+l =Mmji,

M g = Mgt ks My = Mg — M i 1My 1k, T 4 = M1, My = Mg 4 M1 Mg g1
Suppose that ¢ is a sequence of Hurwitz moves. We use fq to denote the sequence of corresponding

maps on #Q, and use °q to denote the sequence of corresponding maps on R'*¢.

Proposition 5.9. Let (g1,...,91) € i be a tuple of positive Dehn twists in Mods where g; = Ts,
— —
fori=1,...,1. Let q be a sequence of Hurwitz moves. Suppose that (d1,...,0;) € 5 s a lift of
— —
(91,--.,q1) and (87,...,0]) € ¥ is a lift of the resulting tuple q - (g1, ..., g1). Then

b oNr e = T ~
q-NM(3y,...,8)=M(,,....8).

Proof. Tt suffices to show that the following diagram is commutative.

9] 97 9J
dl dl dl
fr ip.
fy g T

Ml Ml Ml
Rix PL; Rix! *R; Rix!
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—1
Ts, 0 T5,,, o Ty, and TT‘*_’L

e.g., [FM11} Fact 3.7]). On the other hand, the algebraic intersection is well-defined on homology
classes and we have

On the one hand, we have Tr; (5,,,) = 6:) = Té’iil oTs, 0Ts,,, (see,

— — e s N = — = = —
[T5,(0i41)) = [0i1] + 200y, 60) - [85], [Ts,) (6)] = [6:] = 2(0i, 6ign) - [6541]
fori=1,...,1—1 (see, e.g., [FM11}, Proposition 6.3]). O

We prove Proposition - (ii) by starting with Lemma with a computer-assisted proof.

Lemma 5.10. Fori=1,2,3, there exists a finite sequence of Hurwitz moves q; that satisfies the
following statement. Suppose that A; is transformed by q; into a tuple of Dehn twists, denoted
by (Téi,17"'7T6i,l,~)‘ Then the algebraic intersection between each two of 8;1,...,0;1, and vy is
non-zero. /

Proof. We consider the sequence of Hurwitz moves ¢; below and show that the resulting /;-tuple
(T, 5+ T5,,,) = gi - A satisfies the desired properties. Applying ¢; to the (I; + 1)-tuple A; o
{T,,}, we obtain a (I; + 1)-tuple of the form (T5,,,...,T5,, ,T,,) since each component in g;

[RPRI
is neither L;, nor R;,. Suppose that (5_;, . ,m) € ', is the lift of A; e {T},} where the
orientations of 77,...,7s are shown in Figure Consider the matrix of algebraic intersections
M = M(é_f, ce, m) and apply "g; to M. By Proposition it suffices to verify that °g; - M has
non-zero off-diagonal entries.

q1 = (Rs, L1o, L2, Ri6, L17, L1, Rg, Ri6, R11, R12, Ry, L13, L11, L1s, Ryo, Ri3, Ls, Ri2, Ry, Ls,
Ry, Le, L1s, L7, Rg, R19, R4, Lg, Rs, Ly, Lo, L14, Ls, Lg, R1s, L10, R13, Le, Le, R19,
Rz, Rya, Lg, R7, Ly, L11, R3, Ra, R12, R, R13, L1o, Ls, L4, L1o, L17, L1s, R11, L12, L3,
Re, Ry, Lo, L12, L13, L1a, Ry, Ri15, R1, L12, L1g, L17, Ri6, L1, L14, L1s, R17, Ry, L14, L14,
R3, Ls, Ls),

q2 = (Rs, Ris, Lo, Lg, Ri0, L13, Ry, Rs, L17, Ls, R14, R3, Ri1, Lo, Re, L12, Rg, L4, L7, Lo,
Rs3, Rg, R14, L12, R11, Lo, R16, L1, L2, L17, Ry, Ri3, Lg, R14, R14, R1, L1s, Lo, L1g, L14,
Rio, Ry3, L1, Ris, L1s, R1, Ry, Rig, Rio, L1g, Ri6, R1s, R3),

q3 = (L12, Ris, L7, Ros, L4, R7, Lo, Loz, Ls, Ry, Rig, R10, Las, R0, Log, La7, L11, L2z, Lg, Lo,
Ry, Roy, R7, Ra, R19, L10, Ras, Rae, Los, Ls, R1, R0, Ra0, L21, L2o, Las, L3, L1o, Ra3, Lo,
L7, Re, R10, L13, Lg, La7, R24, L21, Ra2, R12, Rg, L11, Ls, R14, Rg, L11, L1s, R7, R4, L12,
Ris, Loo, Ry, L11, L2, Rao, L1g, Lo, R3, Ri7, L14, L2, Lo, Los, Raa, Ry, Roo, L13, L1s, R3,
Lag, Loa, Ro2, Rag, L1e, L1s, Ros, L2g, L2g, Le, R1, Lo, L14, R1, Loo, Ra7, Ls, Raos, R12, R14,
Rg, L1, Lao, Laa, R7, L1s, R14, Lo1, Rz, Rig, Rg, R14, L2, R1, L1g, R11, Ra7, Rg, R4, Lag,
Rao, L1o, L23, Laa, Ry, Ri7, Rs, Rs, Lg).

O

In the proof of Lemma the matrix °g; - M is hard to obtain manually but can be quickly
solved by a computer. We implement these computations in Python and make our code available
on GitHub: https://github.com/AHdoc/HurwitzMoves_to_AlgIntersections.

Proof of Theorem - (ii). By Proposition[5.7- (i) and Lemma using a sequence of Hurwitz
moves, one can always transform a global monodromy into the concatenation of sub-tuples

AU i (T51,1 yooe aT51,11 )plil b (T<52,1 P 7T52,l2)QI71 d (T(Sa,l’ cee 7T53,l3 )Tlil
with some u € {1,2,3} and non-negative integers p’, ¢/, 7’ such that p’ + ¢+ —3 =p+q+r—1,
2(71,51'7]') 7é 0 for i = 1,2,3, ] = 1,...,[2‘ and Z(éi,j,&,k) 75 0 for i = 1,2,3, 1< ] 7& k< lz By
Lemma making N sufficiently large such that N —2 > ¢(8; ;,0: j-) forall ¢ =1,2,3,¢ =1,2,3,
1<j<l; 1<y <ly, we have

WTN(6:5), 6 50) = (N = 2) (71, 8i,5) (1, 0 o) — (835, 6 jr) > 1
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Since Ty, , - -+ Ts, ,, is central for i = 1,2, 3, one can further transform the global monodromy into

' p'+d’
Aue [T Ty 5,00 Trzsn ) ® 1L oy Trgdaay)
Jj=1 Jj=p'+1
p/+q/+7"/
° H (TTif\r(ég,l)""’TTifv(tis,zs))'
Jj=p'+q'+1
Applying Lemma again, we replace A, with (75, ,,...,T5s,, ), as desired. O
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