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4-manifolds admitting fibrations

e M*: closed oriented 4-manifold
e B : closed oriented surface
e S={p1,..,pnycB branch set

?abe. 1
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4-manifolds admitting fibr'cn“ions‘ gv (\' S’\(’ (

e M*: closed oriented 4-manifold Y ,., )
e B : closed oriented surface U \/
e S={p1,...,pn}cB branch set |

|
T - > B>

— > e
o —— e —

A genus-h fibration of M* over B branched over S
is f:MI>B s.1.
fl et MVF(S) > B\S
is a locally trivial fibration (i.e. a fibre bundle)
& each generic fibre f-!(b)
?%e A is a closed surface of genus h
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Monodromy of f :M*>B |

(generic) base point t € B\S
~» monodromy homomorphism @:ﬁ-ﬁ : nl(B\S,t)éMod(f'l(t))

?059.2
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Monodromy of f :M*>B |

(generic) base point t € B\S
~» monodromy homomorphism §f,£ : nl(B\S,t)éMod(f'l(t))

Mapping class groups Modg n:=Mod(Z, ), Modn:=Mod(Z}).
Take homeomorphisms P: Zp>f }(t) and Y': (Z,0,5)>(B\S,1).

?oﬁe.Q
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Monodromy of f :M*>B |

(generic) base point t € B\S
~» monodromy homomorphism @:ﬁ-ﬁ : nl(B\S,t)éMod(f'l(t))

Mapping class groups Modg n:=Mod(Z, ), Modn:=Mod(Z}).
Take homeomorphisms P: Zp>f }(t) and Y': (Z,0,5)>(B\S,1).
Definition (monodromy mvamam‘)

MO(f) is the coset of CP* Ejt l‘.l; in

. Hom(mi(Zgn, s), Modh)
Mg,n,h = Modg} 9 / dh .

?059.2
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Monodromy of f :M*->B |

(generic) base point t € B\S
~—» monodromy homomorphism é‘f,{ : nl(B\S,t)éMod(f'l(t))

Mapping class groups Modg n:=Mod(Z, ), Modh:=Mod(Z}).
Take homeomorphisms @: Z,>f!(t) and Y': (Z,.4,5)>(B\S,1).
Definition (monodromy mvar'lan'r)
MO(f) is the coset of CP* Ej*— 1‘]; in
il Hom(mi(Zgn, s), Mody)
Mgnh = N\Od9> / Mod;, -

Remarks: ° MO(f) does not dependont, @ and Y.
+ MO(f1) = MO(f2) iff
?“532 3 fibre-preserving homeomorphism between M; \ f;7'(S,)
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Study of genus-h fibration by mean of monodromy

Question 1: To what extent MO(f) determines (M* f,B) ?

Question 2: How to describe Mgnn ?

Tuge3
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Study of genus-h fibration by mean of monodromy

Question 1: To what extent MO(f) determines (M* f,B) ?

Question 2: How to describe Mgnn ?

Today: Part I: torus fibration over 2-sphere
- classify elements of Mo n1 up to stabilisation
Part II: holomorphic fibration f:C°—B
-Finiteness of {MO(f) | f:C°—B holomorphic}

Pose 3 dishi
- Classifying map F:B—-2,



40 f: M4>S?
. ) . 5 Generic fibre = torus
Part I-(i) Torus fibration over S Mod; = SL(2.2)

Monodromy homomorphism: base point s

Bgs: 1S Vb, BY, ) —> SLR.Z) S




41 f: M4>S?
. ) . 5 Generic fibre = torus
Part I-(i) Torus fibration over S Mod; = SL(2.2)

Monodromy homomorphism: base point s
Bys: S, P, s) — SL(2.2)
Choose generator loops ri,re,..rm s.t.
m1(S?\{p1,...,.pn}, $) = <P1,r2,..ln | P1.ra=1>.
ij‘,s is identified with
an n-tuple (¢1,..,4n) global monodromy.




42 f: M4>S?
. ) . 5 Generic fibre = torus
Part I-(i) Torus fibration over S Mod; = SL(2.2)

Monodromy homomorphism: base point s
Bys: S, PaS, s) — SL(2.2)
Choose generator loops ri,re,..rm s.t.
m1(S?\{p1,...,.pn}, $) = <P1,r2,..ln | P1.ra=1>.
ij‘,s is identified with
an n-tuple (¢1,..,4n) global monodromy.

Bn: Bn(]D)Z)*Bn(SZ)_»MOdO,n
Artin generators o; provide

?abe.q-



43 f: M4>S?
. ) . 5 Generic fibre = torus
Part I-(i) Torus fibration over S Mod; = SL(2.2)

Monodromy homomorphism: base point s
Bys: S, PaS, s) — SL(2.2)
Choose generator loops ri,re,..rm s.t.
m1(S?\{p1,...,.pn}, $) = <P1,r2,..ln | P1.ra=1>.
ij‘,s is identified with
an n-tuple (¢1,..,4n) global monodromy.

B=Bn(D?)-»Bn(5%)»Modo SN ol
Artin generators o; provide | e—\

Hurwitz moves: R;1 R;
(... dibie1di !, i, ..) —(.... i, Pir1, ...) —>(..., bis1, biv1  Didpin1, ...)

?abe.q-



4-4 f: M*>52
. ) . 5 Generic fibre = torus
Part I-(i) Torus fibration over S Mod; = SL(2.2)

Monodromy homomorphism: base point s
Bys: S, PaS, s) — SL(2.2)
Choose generator loops ri,re,..rm s.t.
m1(S?\{p1,...,.pn}, $) = <P1,r2,..ln | P1.ra=1>.
ij‘,s is identified with
an n-tuple (¢1,..,4n) global monodromy.

Bn: Bn(]D)Z)*Bn(SZ)_»MOdO,n
Artin generators o; provide

Hurwitz moves: R;1 R;

(... dibie1di !, i, ..) —(.... i, Pir1, ...) —>(..., bis1, biv1  Didpin1, ...)
Hurwitz equivalent: (&1,...,¢n) ~ (G1,...,¥n)
? Claim: Hurwitz equivalence ~> same invariant in Mo n.1
o}
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Part I-(ii) Type of singularities | ¢ mass2 (4. )

Definition: type O(f) := [ [d1], .., [¢n] ] a multi-set.
Remark: (¢1, ... , dn)~(d1, ... , dn) = MOF)=MO(f') = 0(f)=0(f").

?abe. 5
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Part I-(ii) Type of singularities | ¢ mass2 (4. )

Definition: type O(f) := [ [d1], .., [¢n] ] a multi-set.
Remark: (¢1, ... , dn)~(d1, ... , dn) = MOF)=MO(f') = 0(f)=0(f").

Examples:
(1) torus Lefschetz fibration :
e Local model for singularities: f(zi1,z2) = zf+z5 orientation-preserving chart

\

e Each ¢; is a positive Dehn twist NTE T Awrawa
co®zn- |1 Y=n- T

Thm. (Moishezon, Livné 1977) :
Let f and f' be torus Lefschetz fibrations over S?. Then
0(H)=0(f") © (b1, ..., d)~(d1, ..., P1).

?abe. 5
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Part I-(ii) Type of singularities | ¢ mass2 (4. )

Definition: type O(f) := [ [$1], .., [#n] ] a multi-set.
Remark: (¢1, ... , dn)~(d1, .. , dn) = MOF)=MO(f') = 0(f)=0(f").

Examples: Awawa Rl awr

(2) torus achiral Lefschetz fibration : —

e Local model for singularities: f(z1,z2) = z2+z2 /)< \J 3

e Each ¢i is a positive/negative Dehn twist awraATIal N
1 0 1 1 . L I

cozp- [ Yrarfp Jep e T

Thm. D (Matsumoto '85; Z.) :

Let f and ' be torus achiral Lefschetz fibrations over S?
such that O(f) = O0(f')=p:1f + q-I;. Then

p2q 1 (D1, .., P)¥(d1, ..., Dh):

p=g>1 : = many Hurwitz equivalent classes

?a5a5 corresponding fo p-I; + q-1Ij.
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Part I-(iii) Global monodromies up to stabilisation

- o e e - - e ® ® o
t—Denis AuUroux

Thm. A (Z.) Given a multi-set O of conjugacy classes of SL(2,Z),
3 a tuple (ug,...,ux) of positive Dehn twists such that,
for any torus fibrations f1:Mi—S? and f2:M2—S? with 0(f1)=0=0(f>2),

for any global monodromies (¢1,...,dn) of f1and (Y1,...,n) of f2,
then

(db1,...,dnU1,...,uk) ~ (P1,...,Pn UL,..., Uk).

Remark: (ui,..,ux) depends only on the non-simple part of 0.

Yose 6



7-0
Part I-(iv) The additional fibration tuple in Thm.A)

Remark: (us,..,ux) depends only on the non-simple part of O.
Def.: [¢] of SL(2,Z) is simple if one of the following holds:

(0), tr(4)=0

(1), tr(d)=+1 1 [
(2), tr(d)=+2 and ¢ is conjugate to one of 2 i
(3), tr(ed)=+3 [ 4_] [ -4]

Yosge 7
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Part I-(iv) The additional fibration tuple in Thm.A)

Remark: (us,..,ux) depends only on the non-simple part of O.
Def.: [¢] of SL(2,Z) is simple if one of the following holds:

(0), tr(4)=0

(1), tr(d)=+1 1 [
(2), tr(d)=+2 and ¢ is conjugate to one of 2 i
(3), tr(ed)=+3 [ 4_] [ -4]

Thm. B (Z.) When each [¢]€0 is simple and not of trace +3,
k=12 and (uy,...,.ux) = (L,ULULULULUL,U) = (LV).

Thm. C (Z.) When each [¢]€0 is simple,
k=60 and (u,...,ux) = ((L,UV),(L,ULY*(LN,L,U¥*NN)).

o L=L9 3T N=[5 5] U=t ]
s ]
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Part II-(i) Holomorphic fibrations

23-2+n>o, h %2

Definition: A genus-h holomorphic fibration over a closed surface of
genus g with n branch points is (Y,f,X) where
e Y : 2-dim closed complex manifold
e X : closed Riemann surface of genus g
e f: Y—X: a holomorphic map branched over a set S of n points such
that f1(b) is a closed Riemann surface of genus h, for beX\S=:B
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Part II-(i) Holomorphic fibrations

23-2+n>o, h %2

Definition: A genus-h holomorphic fibration over a closed surface of
genus g with n branch points is (Y,f,X) where
e Y : 2-dim closed complex manifold
e X : closed Riemann surface of genus g
e f: Y—X: a holomorphic map branched over a set S of n points such
that f1(b) is a closed Riemann surface of genus h, for beX\S=:B

Definition: A genus-h holomorphic family over a surface of type (g,n)
is (C,f,B) where
e C: 2-dim complex manifold
e B : Riemann surface of type (g,n)
o f: C—B : a holomorphic map such that f'(b) is a closed Riemann
surface of genus h, for beB

?abeg
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Part II-(i) Holomorphic fibrations

23-2+n>o, h %2

Definition: A genus-h holomorphic fibration over a closed surface of
genus g with n branch points is (Y,f,X) where
e Y : 2-dim closed complex manifold
e X : closed Riemann surface of genus g
e f: Y—X: a holomorphic map branched over a set S of n points such
that f1(b) is a closed Riemann surface of genus h, for beX\S=:B

Definition: A genus-h holomorphic family over a surface of type (g,n)
is (C,f,B) where
e C: 2-dim complex manifold
e B : Riemann surface of type (g,n)
o f: C—B : a holomorphic map such that f(b) is a closed Riemann
surface of genus h, for beB

TFbr @0 D=5, (g0, h) Moy H Mgk © Mgnh

?abe.g (Y, f,X) = (C=Y\fYS), f, B:=X\S) »  MO(f)




9-0

Part II-(ii) Classifying map & monodromy

Fhr@@nh)  — Fant) 22 HMgnh c Mgah
c.f, B) ——> MO0(¢],%)

Isomorphic fibrations over X:
(C1,f1,X)~(C2,f2,X) if 3 a fibre-preserving biholomorphism Ci=C;

Isomorphic families over B:
(C1,f1,B)~(C2,f2,B) if 3 a fibre-preserving biholomorphism Ci1=C

Yose
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Part II-(ii) Classifying map & monodromy

Fbr (g AL —S %n(a,n "L)/N - HMd,n hC Ma n,h
ccf 5) t > MO((4,8)

Yose 3
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Part II-(ii) Classifying map & monodromy

(5:\31"(8 n k) ‘L —S 3:’;4-1(3'“ "L)/N Moy, HM&,HL C Ma nh
ccf&) ——> Mo(¢],B)

(B,F) v
{F B-»M;.}

Yose
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Part II-(ii) Classifying map & monodromy

'J:'\,,.Ca nh)l, —> ?‘;m(ﬂ n ‘L)/N Moy HM&,nﬂ C Mgnh
C f 5) - > MO(Cf%)

(B,F) Vv

{F B‘*Mt, l\o(omorPk-L}

. cla&&i{a:'\é maP F : B—?Mh:: GTL/MD({'\ S ‘iwloma\-fhc_

Yose
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Part II-(ii) Classifying map & monodromy

?,:'\,,.Can h),.,,——) ?;zm(ﬂ“ ‘L)/N Moy, HM&,H:,C’. Mgnh

cfB)| > Mo(c4B)
b, M
(8,F)

G(ﬂt"”") = {F g‘%ﬂ'{h lloLbMOrP‘u'L}

. c[agsn{?a?né maP F =CM (f) : g—»Mh;: GU‘/MDJI\ S "wlomarfhc_

e CM is fintk-to-one

Yose
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Part II-(ii) Classifying map & monodromy

'}1\,,.(3" h) o —> g;m(an ‘L)/N Moy, HM&,H:,C: Manh
ccf &) - > MO(Cf%)

(B, F) WC%‘\

GarN)= {r 8 elomorghic |

. 5["65"93:"3 maP F =CM (f) : gaMh;: GU‘/MNU; S "wlomarflﬁc_

e CM is fink-to-one

s BH->Th = Fr= 1@ n,,"’(Mh) = Mod |
?052.8 FI——> [F*] MGPS onto HMa nh
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Part II-(iii) Parshin-Arakelov finiteness| 2g-2+n>0, h»2
o fibration/family (C,f B) is isotrivial if C,, = Cp,, V generic by, b2€B

Fix a closed Riemann surface X of genus g; fix the branch set S, |S|=n
P-A ver. 1: { non-isotrivial (Y,f X) € Fibr(g,n,h) } /~is finite

Yoge 1o
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Part II-(iii) Parshin-Arakelov finiteness| 2g-2+n>0, h»2
o fibration/family (C,f B) is isotrivial if C,, = Cp,, V generic by, b2€B

Fix a closed Riemann surface X of genus g; fix the branch set S, |S|=n
P-A ver. 1: { non-isotrivial (Y,f X) € Fibr(g,n,h) } /~is finite

Uniform P-A: The above cardinality is bounded uniformly for X € M, and |S|=n
[Caporaso '02]

Yoge 1o



10-2

Part II-(iii) Parshin-Arakelov finiteness

2g-2+n>0, h22

o fibration/family (C,f B) is isotrivial if C,, = Cp,, V generic by, b2€B

Fix a closed Riemann surface X of genus g; fix the branch set S, |S|=n
P-A ver. 1: { non-isotrivial (Y,f X) € Fibr(g,n,h) } /~is finite

Uniform P-A: The above cardinality is bounded uniformly for X € M, and |S|=n

[Caporaso '02]

Fix a Riemann surface B of type (g,n),

P-A ver. 2: { non-isotrivial (C,f,B) € Fam(g,nh)} /~is finite

[Imayoshi-Shiga '88]

Yoge 1o
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Part II-(iii) Parshin-Arakelov finiteness

2¢-2+n>0, h>2

o fibration/family (C,f B) is isotrivial if C,, = Cp,, V generic by, b2€B

Fix a closed Riemann surface X of genus g; fix the branch set S, |S|=n
P-A ver. 1: { non-isotrivial (Y,f X) € Fibr(g,n,h) } /~is finite

Uniform P-A: The above cardinality is bounded uniformly for X € M, and |S|=n

[Caporaso '02]

Fix a Riemann surface B of type (g,n),

P-A ver. 2: { non-isotrivial (C,f,B) € Fam(g,nh)} /~is finite

[Imayoshi-Shiga '88]

P-A ver. 3: { non-constant holomorphic F:B—M, } s finite

(finite-to-one correspondence)

Yoge 1o
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Part II-(iii) Parshin-Arakelov finiteness| 2¢-2+n>0, h»2
o fibration/family (C,f B) is isotrivial if C,, = Cy,, V generic by, b2€B

Fix a closed Riemann surface X of genus g; fix the branch set S, |S|=n
P-A ver. 1: { non-isotrivial (Y,f X) € Fibr(g,n,h)} /~is finite

Uniform P-A: The above cardinality is bounded uniformly for X € M, and |S|=n
[Caporaso '02]

Fix a Riemann surface B of type (g,n),
P-A ver. 2: { non-isotrivial (C,f,B) € Fam(g,nh)} /~is finite
/”[Imayoshi-Shiga '88]
P-A ver. 3: { non-constant holomorphic F:B—M, } s finite
\ (finite-to-one correspondence)
ngndlfy Theorem: If F+=F« non-constant , then F=F.
P-A ver.4: HMgnnle := { [F+] | holomorphlc F:B—M} }is finite

— ..._._..-—..‘

Yoge 1o
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Part II-(iv) Uniform bound for P-A Finiteness

Fix a Riemann surface B of type (g,n),
P-A ver.4: HMgnhls i= { [F<] | holomorphic F:B—M}, } is finite

Aim: Use MO to compare (My,f1,B1) and (Mz,f2,B>)
where By, B2 are different Riemann surfaces of type (g,n)

?oﬁe_’M
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Part II-(iv) Uniform bound for P-A Finiteness

Fix a Riemann surface B of type (g,n),
P-A ver.4: HMgnhle i= { [F<] | holomorphic F:B—afr,, } is finite

Aim: Use MO to compare (My,f1,B1) and (Mz,f2,B>)
where By, B2 are different Riemann surfaces of type (g,n)

Thm. G (Z.) Given &0, the following subset is finite.
HMgn 12 := { MO(T) | (C.f,B) € Fam(g,n,h), sys(B):e }

Yo 1
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Part II-(iv) Uniform bound for P-A Finiteness

Fix a Riemann surface B of type (g,n),
P-A ver.4: HMgnhle i= { [F<] | holomorphic F:B—afr,, } is finite

Aim: Use MO to compare (My,f1,B1) and (Mz,f2,B>)
where By, B2 are different Riemann surfaces of type (g,n)

Thm. G (Z.) Given &0, the following subset is finite.
HMgn 12 := { MO(T) | (C.f,B) € Fam(g,n,h), sys(B):e }

Def.: The image of a holomorphic map F:B—M,
is called a holomorphic curve in M.

Cor.: There are only finitely many holomorphic curves of type (g,n)
in M}, up fo homotopy, when systole 2 g9> O.

?oﬁe_’M
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Proof of Thm. 6:
Part II-(v) A glimpse of holomorphic curves

Thm. 6 (Z.) the following subset is finite
HMgnp := { MO(f) | (C,f,B) € Fam(g,n,h), sys(B)z:e }

Proof (Sketch):
Step 1. Z4»—B sending
each standard loop to a short loop.
Step 2: Irreducibility of Fx(11(B))
= sys(F(b)) > eo(g,n,h€)
for some b € Bg,.
Step 3: Finiteness. 7

?abe_'u
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Proof of Thm. G:
Part II-(v) A glimpse of holomorphic curves

Thm. 6 (Z.) the following subset is finite
HMgnp := { MO(f) | (C,f,B) € Fam(g,n,h), sys(B):e }

Proof (Sketch):
Step 1. Z,»—B sending
each standard loop to a short loop.
Step 2: Irreducibility of Fx(11(B))
= sys(F(b)) > eo(g,h,h.€)
for some b € Bq,.
Step 3: Finiteness.

?aﬁe'u
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Part TI-(vi) Shape of holomorphic curves

F: B — M}, holomorphic

' 41" '1- 3 c]‘—isom. embeclO\QOl ~
: /Y —F\nna. O{E)WW»“VI F |

| [ - S — — — — I

| J\ !

' " oy . N\

: L é A 2SO quas‘\-iso etric  (mmergion. | ('11
S x;_: i
A Lt aed) quasi- isometeiC embedding | T

o= SRS

] | I :

‘ f ‘ A ¥y . [} i N l

| ety Z . qMQSI" lSDW\ﬂ'V‘\L iMMQVSLOn I'_: |

& — = =3 |

‘ /

Teichmilldr curve ] r
! wo-ord.
———— 0__ —8 iSQ\r-lI)heT[Ll d
\ g
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Part IT-(vi) Shape of holomorphic curves

The most rigid (holomorphic) curve :
A is the image of a holomorphic
locally isometric map F: (B,3dB) - (M, du)

Remark: The lift is an isometric embedding
F: (H) 2de) = (T, do)

Such an isometric embedding is the SL(2,R)-orbit of a translation surface.

e The first was discovered by Veech [Veech '89]

e A is never complete (i.e. n>0)

¢ A is an algebraic curve defined over Q [Méller '06]

» Every isometric map F is holomorphic [Antonakoudis '15]
The monodromy of a is

?0.59_43 essentially purely pseudo-Anosov.
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Cusp regions are

Part II-(vii) quasi-isometrically embedded

e Teichmiiller space: "'Z',t Teichmiiller distance: de (‘Z’,“ de)

Yuge 14
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Cusp regions are

Part II-(vii) quasi-isometrically embedded

e Teichmiiller space: CZ'I; Teichmiiller distance: de (CZ',“ de)

e Moduli space: ‘/1(,‘ dM,(ﬂh 9p) := ;,.j! A;t,(’q‘;’ql;\ (-/“I;, dM)

g 14
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Cusp regions are

Part II-(vii) quasi-isometrically embedded

e Teichmiiller space: CZ'L Teichmiiller distance: de (CZ',“ de)

e Moduli space: MA ”(M,("z 9p) := ;,.f a(gt.(a:“%\ (-/“L, o‘/uo

* Fi (B.3ds) — (My, du) - M'

g 14
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Cusp regions are

Part II-(vii) quasi-isometrically embedded

e Teichmiiller space: "'Z',t Teichmiiller distance: de (‘Z’,“ de)

e Moduli space: ,/1(,t dM,(%z 9p) := ;,.f a(.;t,(a:“q&\ (J“L) d,uO

* Fi (B.3ds) — (My, du) - M'

Thm. E-(1) (Z.) Let F: B> Mhi be a holomorphic map such that all
peripheral monodromies are of o0 order. Let UcB be a cusp region.
Then F|y is a (1,K)-quasi-isometric embedding, i.e.,

A dg Chi,bs) > dum(Fbo, FO) 5 4 g (b, k)~ K
- for all by, b2 € U. Here K=K(g,n,h,sys(B)).
Vose 14
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Holomorphic curves are

Part II-(viii) quasi-isometrically immersed

7 o
2 ?Bbon B isinduced by Kobayashi norm Kob B
d.M. on My, is induced by Kobayashi norm KbL.M,

Tuge 15
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Holomorphic curves are

Part II-(viii) quasi-isometrically immersed

Zd
B on B isinduced by Kobayashi norm Kob B
d.M. on My, is induced by Kobayashi norm KbL.M,

R integ rol: 4
T ( M( ;:(»n) j KOL (Fo*(ﬂ d Fom)) At T:0,1>H

===

Tuge 15
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Holomorphic curves are

Part II-(viii) quasi-isometrically immersed

% "‘B on B isinduced by Kobayashi norm Kob B
dM on JU}, is induced by Kobayashi norm KbL,M,
* Paﬂl. I:hieﬂr‘o-l. : 1
Z .M.( F(ﬂ) = KOLCU (l:o'Y' (-h)/ ac% Fo‘r(-tjz Af_ 4 : [0,4]45
C

S =58

o (Bydg) (b, b= i {u(F®)

rch 50:‘\:'23 b‘ 4o D3

Puse 15
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Holomorphic curves are

Part II-(viii) quasi-isometrically immersed

A
2 "‘E on B isinduced by Kobayashi norm Kob B
dM on Mh is induced by Kobayashi norm KbL.M,

N ko intearal: 4
™ s - J Koboy (Fev o, & Foro) de. oo
C M

<S> =3}

o (Bydg) (b, b= i {u(F®)

vcR 5,:«-’-"\3 b, 4o Da
Thm. E-(2) (Z.) Let F: B—>Mh be a holomorphic map such that all

peripheral monodromies are of 60 order.
Then F is a (1,K)-quasi-isometric immersion, i.e., for all by, b2 € B,

Va5 3 dp(b,b2) > dr(h,bo) > 4 dah bn-K




16-0
Holomorphic curves are

Part IT-(ix) quasi-isometrically immersed (cont'd)

Thm. E (Z.) If all peripheral monodromies are of « order then
(D -Fladuspregion is a quasi-isometric embedding;
(2) F IS a quasi-isometric immersion,

A better cartoon of the holomorphic curve :

?oﬁe_’le

F: B — M}, holomorphic
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Holomorphic curves are

Part II-(ix) quasi-isometrically immersed (cont'd)
Thm. E (Z.) If all peripheral monodromies are of « order then

(1) Flacuspregion IS a quasi-isometric embedding;
(2) F IS a quasi-isometric immersion.
| [ | [
Remarks:

(1) When a peripheral monodromy is of
finite order, the image of the cusp
region might be contained in ‘/l/L::E

(2) 3 quasi-isometrically immersed but
not isometrically immersed
holomorphic curves in /U,

A better cartoon of the holomorphic curve :

?abe_’le

F: B — M}, holomorphic
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Quasi-isometrically embedded

Part II-(X) fundamental domains

?059.'1'7
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Quasi-isometrically embedded

Part II-(X) fundamental domains

?abe.ﬂ
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Quasi-isometrically embedded

Part II-(X) fundamental domains

?oy.ﬂ
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Quasi-isometrically embedded

Part II-(X) fundamental domains

Cor. 3.4.8 (Z.)

Let f:C°—CP1=X be a holomorphic genus-2 Lefschetz fibration
without separating vanishing cycles.

Let F:B—M;, be the classifying map of f.

Then, any lift of F has a
quasi-isometrically embedded fundamental domain D of B.

'\)abe.ﬂ
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A necessary condition for

Appendix 1 guasi-isom. embedded fundamental domains
J=o| F:B>uty, FrH>

(Bidg) = (B=H, 3dn)

Lundamental
moﬂo&m%: (d’,‘/-.- g ?6,,) dowan DCHH

Thm. F in the case g=0 (Z.) Let F: B — M, be a holomorphic
map and (¢1,...,on) be a global monodromy. Suppose that
e Each gi is of «~ order;
° Cf{ﬂ': Ta; is a multi-twist;
e Multi-curves di, ..., 3n are pairwise intersecting.
Then Alf‘D: (D,-;'-JH)—)(ﬁ, der)
is a (2 ,K)-quasi-isometric embedding.

(DS
— Here K=K(g,n,h,sys(B)). w
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Appendix 2 Quasi-isometrically |mmersed lift
| ~ ‘ }X
.

Thm. Let F: B — M, be a holomorphic map

s.t. all peripheral monodromies are of « order. Then F is
a (K,C)-quasi-isometric immersion, i.e., for any geodesic
segment a C B,

(@ > ke(F®) > 1ola@—C

where f has the shortest image under F amount all paths
relatively isotopic to a.
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Appendix 3 Open questions

Clasﬁf-j dlements of Mj,n,h :
e Mona = O 7 extra vwarionts
o Stabilisabion : When 9322, is there an additioaal
twple olepending anb on (O ?

Pa.\-s\\in - Acakelou Lintoness:
o Is HMJ,..,I‘ = MO (Fam Cqom, '\-)) Sinite 7
Is HcMgmh = Mo (Fibr (gn/h0) fimite 2
* Given m& HMgnh , how to deseribe

{66‘23,nl Q(CJ(‘, B)G?m (ﬁ)";h) MO(C/J'., 6)‘: MS = ‘[J,VI. ?
S‘LR-PE. 02: ‘lol.omav-Pkic curves ?:L M, :
¢ Wien )

Fa s inective, is F quasi-isom. embedded ?
* When Fy s e.ppA, s F a Teichmiller curve 7
* Given the. shape Of F ‘ﬂue Sense oj coavsSe Jeomd" )
how ‘o o(cscv:be ":l\z con-eaFmo!.‘:.j suLse,t ,3 HMJ',,‘l,?




